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Solutions for Transients in Arbitrarily Branching Cables:
I. Voitage Recording with a Somatic Shunt

Guy Major, Jonathan D. Evans, and J. Julian B. Jack
University Laboratory of Physiology, Oxford, OX1 3PT, United Kingdom

ABSTRACT An analytical solution is derived for voltage transients in an arbitrarily branching passive cable neurone model
with a soma and somatic shunt. The response to injected currents can be represented as an infinite series of exponentially
decaying components with different time constants and amplitudes. The time constants of a given model, obtained from the roots
of a recursive transcendental equation, are independent of the stimulating and recording positions. Each amplitude is the product
of three factors dependent on the corresponding root: one constant over the cell, one varying with the input site, and one with
the recording site. The amplitudes are not altered by interchanging these sites. The solution reveals explicitly some of the
parameter dependencies of the responses. An efficient recursive root-finding algorithm is described. Certain regular geometries
lead to “lost” roots; difficulties associated with these can be avoided by making small changes to the lengths of affected seg-
ments. Complicated cells, such as a CA1 pyramid, produce many closely spaced time constants in the range of interest.
Models with large somatic shunts and dendrites of unequal electrotonic lengths can produce large amplitude waveform com-
ponents with surprisingly slow time constants. This analytic solution should complement existing passive neurone modeling
techniques.

LIST OF SYMBOLS*

a parameter of “alpha” function ({time-to-peak]™') drs, the set of daughter segments of segment p
[ms~!] (Eq. 47) D, generalised Fourier coefficient of y;, (Eq. 25)
a; surface area of jth segment = 7l; d; [wm?] E, position-independent “Electrical” part of A, [mV]
a, surface area of soma = wdf [um?] (Eq. 34)
A, nth amplitude component of voltage response to 8=, input conductance of segment j’s infinite extension
unit point charge [mV] (Eq. 1) (= [rm7s 17" [nS] (Eq. 40)
A, A, between segments e and r or vice versa (specify gs total soma conductance, including shunt (= g.un:
Z,, X,) {mV] (Eq. 33) + &sm) [nS]
A, constant in G,(X,, Z,, p) for “mainline” segment ¢ 8sm soma membrane conductance ( = wd*/R,,) ([nS]
(Eq. 69) &shunt somatic shunt conductance [nS]
A, constant in G(X,, Z,, p) at soma (Eq. 78) GAX,, Z,, 1) voltage response at X, to unit point charge at Z,
A, A. when g = iw (Eq. 97) [mV] (Appendix 1)
Ay A, when ¢ = iw (Eq. 95) G.X,, Z,, p) Laplace transform of G(X,, Z,, t) with respect to
B, constant in G(X,, Z,, p) for “mainline” segment ¢ p (Eqgs. 57, 67, 68, 70, 72)
(Eq. 76) G(Z,., 1) voltage response at soma to unit point charge at Z,
B. constant in G(X,, Z,, p) for stimulated segment e [mV] (Appendix 1)
(Eq. 74) GJ(Z., p) Laplace transform of Gy(Z,, t) with respect to p
B'. B_ when g = iw (Eq. 98) (Egs. 57, 67)
B, B, when g = iw (Eq. 99) H,, lumped amplitude term for smooth inputs [mV]
Cmy capacitance per unit length of segment j (= 7d; C,,) (Eqgs. 93, 103, 104, 108)
[LF em™'] i(r) input current [nA] (Egs. 47, 49, 51)
Cs lumped soma capacitance (= 'rrdme) [pF] l; physical length of a segment j [pm]
G constant in y; (Eq. 14) L effective combined L of segment j and daughters
Cs corresponding constant at the soma (Eq. 17) ’ [dimensionless] (Eq. 114)
Cm specific membrane capacitance [uFcm™2] L; electrotonic length (= [;/A;) of segment j [dimen-
C constant in G(X,, Z,, p) for recording sites distal sionless]
to stimulus site (Eq. 71) p complex Laplace transform variable [dimension-
o C when q = iw (Eq. 101) less] (Eq. 57)
d; diameter of segment j (subscript s means soma) q /1 + 7,p [dimensionless) (Appendices 1 and 2)
(nm] 0] total input charge (pC]
Ta, axial resistance per unit length of segment j
(= 4R/nd}) [Qem™']
o membrane resistance of a unit length of segment
Received for publication 22 October 1992 and in final form 26 February ! Jj (= Ry/wd;) [Qcm]
1993. R, steady-state resistance between segments e and
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axial resistivity [{lcm]
R, specific membrane resistivity [Qdcm?]
Rhunt somatic shunt resistance ( = g 1) [MQ)
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segs the set of all segment indices j

stems the set of indices of segments st originating from
soma (i.e., stem segments)

t time [ms}

vi(x;, 1) transmembrane voltage relative to resting potential,
in segment j [mV]

VX, 1) v;(x;, t) with dimensionless space parameters [mV]
(Eq.2)

VAX,, Z., p) Laplace transform of V;(X;, t), recording in seg-
ment r, stimulating at Z,

VAx, 2.) steady-state voltage at x, given input at z, [mV]
(Eq. 110)

vi(t) transmembrane voltage relative to resting potential,
at soma [mV]}

V(1) V;(¢) at soma [mV]

w gfior \/1,/1, — 1, used when 7, <1, [dimen-
sionless] (Appendix 2)

X; physical distance from proximal end of segment
J [pm]

X; electrotonic distance from proximal end of segment
J (= x;/A;) [dimensionless]

Yi spatial part of (Eq. 13), in segment j

Z physical distance of excitation site from proximal
end of segment e [pum]

Z, electrotonic distance of input site from proximal
end of segment ¢ [dimensionless]
Greek symbols

o separation constant (Eq. 13)

a, nth eigenvalue of boundary problem; satisfies (Eq.
22)

€ somatic shunt parameter 7,/7,, [dimensionless]

o, [1 - el + ad}/a® (Eq.35)

Kjn nth voltage continuity normalisation factor of seg-
ment j (Eq. 31)

K; continuity factor in G, for segment j (Eq. 66)

A space constant ( = (r,,,I/r,,J)”z) of segment j [pum]

1 branching constant of segment j; depends on « (Eq.
19)

Hjn w; when a = a,

u; branching constant in segment j for G,; depends on
g (Eq. 64)

1/ spatial eigenfunction in segment j [dimensionless)
(Eq. 26)

Test apparent 7, of a waveform by linear regression over
specified interval [ms] (Eq. 55)

T time constant of dendritic membrane (= R,,C,, =
’m,Cm,) [ms]

Tn nth equalizing time constant [ms] (Eq. 1)

TS effective time constant of soma with shunt included
(= ¢,/g,) [ms]

Tsy synaptic time constant for single exponential cur-
rent input [ms] (Eq. 49)

Ty, nth synaptic time constant for multiexponential

current input [ms] (Eq. 51)
* Convenient units and relevant equation numbers in brackets and
parentheses, respectively.

INTRODUCTION

Despite the mounting evidence for active conductances in
dendrites (e.g., Ref. 1), passive cable modeling still has an
important role to play as the foundation of our understanding

Volume 65 July 1993

of the function of dendritic trees. To construct a realistic
model of a single neurone, it is necessary first to characterize
its passive (voltage-independent) electrical properties, and
then to overlay the correct mixture of active conductances.
In what follows, we consider passive behavior only.

A passive cable model is a linear system. Its voltage re-
sponse to an instantaneous unit point charge input (unit im-
pulse) can be used to predict its response to an arbitrary input
(e.g., Ref. 2, Chapter 13). In general, the unit impulse re-
sponse of a passive neurone model will be a series of ex-
ponentially decaying components each with a different time
constant 7,, and amplitude A, (e.g., Ref. 3), of the form

i)=Y Ae” " )

n=0

Knowledge of these amplitudes and time constants can pro-
vide useful insights into the behavior of a model as a range
of possible parameters is explored (see below, also Ref. 4).

It is useful to be able to model a real neurone with complex
morphology which has been impaled by a microelectrode.
The possibility of a leak around the electrode (5) and of
additional injury-induced conductances (6) requires an extra
“shunt” conductance (7) to be included at the impalement site
(usually the soma), lowering the effective membrane resis-
tivity there. The effective membrane resistivity of the soma
may also be lower than that in the dendrites for other reasons,
e.g., because of tonic inhibitory conductances, or because of
the presence of a higher density of ion channels in the somatic
membrane. With the advent of whole-cell recording from
neurones (e.g., Ref. 8), it is also useful to be able to model
the opposite situation, where wash-out of cytoplasmic con-
stituents has lead to the somatic membrane resistivity being
higher than that of the dendrites (e.g., Ref. 9).

Analytical solutions for transients are known for the mul-
ticylinder model (4, Appendix A) and the multicylinder,
soma + shunt model (10). A solution for early times for
arbitrarily branching geometry has been described by Abbott
etal. (11, 12, 81), based on the method of “trips”/images. For
good accuracy, this solution requires a large number of terms
at later times (12, 81): even relatively simple geometries
composed of 10-20 segments need tens of thousands of
terms.!

Exact solutions for arbitrarily branching geometry at late
times have not been found, as far as we know. In such cases,
modelers have resorted to techniques based on numerical
approximations. The most commonly used method, and the
most versatile, is compartmental modeling (e.g., Refs. 13-
20). Another approach is the segmental cable method (e.g.,

' The number of terms seems to grow exponentially with the number of
segments or, more precisely, with the number of possible “trips” between
stimulation and recording site that are shorter than about k\/;', where T'is
the time in units of membrane time constants, and k is a constant, usually
=4 (G. Major, preliminary observations).



Major et al.

Refs. 21-24). Most versions of these techniques suffer from
the disadvantage that they allow the production of a wave-
form only, and give no direct information about the under-
lying time constants and amplitudes. An exception is the
matrix eigenfunction expansion method first outlined by Per-
kel et al. (25) and used more recently by Holmes et al. (26,
27). This compartmental approach gives approximations to
the first n time constants and amplitudes, where n is the
number of compartments in the model.

An analytic solution of the form (1) for models with a
soma, arbitrarily branching geometry and a somatic shunt,
would provide: (i) verification of results obtained by the ap-
proximate methods above, (ii) potentially more efficient and
more accurate simulations, (iii) explicit, accurate values for
the time constants and amplitudes making up waveforms,
and (iv) insight into their parameter dependencies.

The apparent time constants and amplitudes extracted
from model waveforms by “peeling” (e.g., Ref. 3), iterative
exponential fitting or more “exotic”’ methods (e.g., DIS-
CRETE (28), and other Transform-based algorithms) could
be compared with the correct values. The reliability and con-
sequences of model parameters deduced indirectly from fit-
derived amplitudes and time constants (e.g., Refs. 4, 26, 27)
could be further assessed and compared with the results of
direct fitting (see below).

In this paper, following Rall (13), Durand (29), Kawato
(30), Bluman and Tuckwell (31), and Evans et al. (10), such
a solution is derived for impulse responses, using voltage
continuity, current conservation, separation of variables,
Laplace transforms, and complex residues (see Appendix 1
for derivation of amplitudes). The amplitude terms can also
be derived using a modified orthogonality relation (32)
(proofs supplied on request).

Standard extensions to the solution are stated for responses
to some other commonly used input functions. The relation-
ship of the solution to existing passive modeling techniques
is discussed. Examples are given to illustrate the uses of the
analytical solution, and to underline some important practical
points about simplified representations, reciprocity relations,
the difficulties associated with attempting to extract expo-
nential components from experimental data, and “slow
bends” (slowly changing apparent time constants). The latter
can be used to constrain the fit nonuniqueness (33, 34) which
is frequently encountered when attempting to match model
responses to experimental data (20, 27, 35).

Some problems associated with certain special cases are
discussed in Appendix 4. Solutions for perfect and imperfect
somatic voltage clamp are given in the next paper (36), re-
ferred to as “II” below. Further applications of the solutions,
with an emphasis on the problems of voltage clamping den-
dritic neurones, are given in the third paper of this series (37),
referred to as “III” below.

GLOSSARY AND CONVENTIONS

To improve clarity, conventions have been adopted for indices appearing as
subscripts. These are given in Table 1 and are adhered to throughout this
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TABLE 1 Index conventions
Eigenvalue and eigenfunction index
n (=0,1,2,...), never used as a segment index
N index n of fastest time constant included in
waveform
Segment indices
j arbitrary
p parent
d daughter
r segment recorded from
e segment stimulated (excited)
¢ segment in a chain
s soma
st stem segment

Set notation

d € dtrs, over all the daughters d of segment p

st € stems over all the stem segments st

J € segs over all segments j

¢ € chain; over all segments in direct chain between soma
and j (inclusive)

Vst € stems for all stem segments st

) the parent of segment j

paper. When double indexing is used, the segment index usually precedes
the eigenvalue index.

See above for an alphabetic list of symbols reappearing more than a few
paragraphs away from their definitions. Convenient units are given in square
brackets, and are used throughout this paper. Relevant equation numbers or
definitions are given in parentheses. To help the reader, several symbols
sound similar to their semantics, for example: ¢ (“psi”) for “spatial eigen-
function,” « for “continuity factor,” p for “parent.”

Key equations appear in boxes. Citations are given in parentheses, and
equations are referred to in the text as “Eq. X.”

UNIT IMPULSE RESPONSE
Definition of the system

Consider a model neurone consisting of a soma with a shunt
and one or more dendritic trees, each composed of a number
of branching cylindrical segments. Each segment is identi-
fied by an index j (any convenient numbering scheme could
be adopted; for example a left-first, depth-first traversal of
the dendritic trees with j going from 1 to the total number of
segments). In Fig. 1 this is illustrated using part of the hip-
pocampal CA1 pyramidal neurone used below in Example 1.
Each segment j has physical length /; and diameter d;. The
branching pattern can be coded using set notation: each non-
terminal (or parent) segment (with index p) is assigned a set
drrsp,, whose elements are the segment indices d of its daugh-
ters (those segments originating from its distal end). Seg-
ments originating from the soma are called “stem” segments,
and their indices st are the elements of the set stems. Sum-
mations (2) and products (I) are over every member of the
relevant set.

At time ¢ = 0, a unit point charge is injected at a distance
Z. (moving away from the soma) along the stimulated
(“excited”) segment e, and the transient voltage response
v{x,, Z, 1) is recorded at a distance x, along segment r. Dis-
tance along an arbitrary segment j is denoted by x;. It is
convenient to use the dimensionless electrotonic distances,
e.g.. X, =xJ/A,and Z, = z,/A, (where A, is the space constant
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Partial Branching Diagram of CA1 Pyramidal Cell

apical subtrees

73128

72

basal subtrees stems=(1, 14, 21, 41, 46, 47, 48, 56, 61}
dtrs3={4, 7}

dtrs61=[62. 67, 68}

------------ subtree continues

chainld=(l, 2,8,10}

FIGURE 1 [Illustration of indexing conventions: branching diagram of
part of the dendritic arbor of the hippocampal CA1 pyramidal cell in Ex-
ample 1. The scheme for numbering j, the segment index, is a left-first,
depth-first traversal of the tree. Where there is a jump in the numbering, there
is also a dotted line indicating the presence of a subtree which has not been
drawn in full. Some examples are given of the set notation adopted here, for
instance, chain,o, the set of segments on a mainline chain from soma to
segment 10, consists of segments 1, 2, 8, and 10, and dtrse;, the set of
daughters of segment 61, consists of segments 62, 67, and 68. See Fig. 2
for representations of the entire dendritic arbor.

of segment j: see List of Symbols). Note that dimensional
units are used for time.?
Define

V.X..Z,,1) =v,(x,2z,1). )

To obtain V(X,, Z,, 1), it is necessary to solve, for each seg-
ment j, the cable equation

3%V, av;

—4 -7 —-v.=0 3
x: e T T 2

2 This has several (debatable) justifications: (i) the derivation of responses
to more general inputs is slightly more convenient; (ii) when there is a shunt,
the slowest time constant 7, is no longer equal to the dendritic membrane
time constant 7,,,, which is now different from the effective soma membrane
time constant 7,; (iii) it is slightly more convenient to generalize the solution
to models with nonuniform 7,,.
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where 7,, is the dendritic membrane time constant, with
boundary conditions as follows.

( ) = ( )
aX/ X; N

(sealed ends, i.e., no axial current flow).
(ii) At branch points:
In segment j, axial current is given by

% raj)\j 0X;

where Ta, is the axial resistance per unit length.
Axial current at a branch point is conserved, so

1 [aV 1 av,
—(—f) -2 T(é?) - ®
rapAP 9 P/ X,=L, de&drs, Tafra d/ X,;=0

where d € dtrs, means the summation is over all the daughter
segments d of segment p. Since 8, = (raj)tj) ~!(e.g., Ref. 13,
p. 63), it follows that

v av,
&,(ﬁ) = 2 gxd<§) .
P/ X,=L, dé&drrs, d/ X;=0

(iii) At the soma:
The current flowing out through the soma is the sum of the
currents leaving the stem dendrites: combining Egs. 5-7 in
Ref. 29 and Eq. 24 in Ref. 3 gives

av. av.
V. + — ] = n — , 8
gs<: €T,, at) > g"<axs,x=0 ®)

stEstems

where st € stems means the summation is over all the stem
segments st, V; is the voltage at the soma, g, = gsm + Zshumt
is the total somatic conductance (g, is the soma membrane
conductance, assuming uniform R,,,, and g, is the somatic
shunt conductance) and € = 7/1,, = g../g, = effective
somatic R,/dendritic R, is the somatic shunt parameter
(see List of Symbols). Values of € greater than one (equiv-
alent to small negative shunts of magnitude < g,..) corre-
spond to situations where, perhaps because of “wash-out,”
the soma membrane has a lower conductance per unit area
than that of the dendrites.
(iv) Voltage continuity constraints:

V,(L,) = V,(0) at branch points, Vd € dtrs),,
(i.e. for all daughters of p), (9)
V,(0) = V, at soma, Vst € stems
(i.e. for all stem segments st). (10)

The unit point charge input gives the voltage delta function
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(impulse) initial condition

(Tn8-) '8(X, = Z,) if j=e
0 otherwise,

VX, Z,,0) = { (1n)

since the capacitance per space constant of segment j is

A= m Tm 12)
CuAi = — A= 93 = T8 »
’ T (rry) " ,

where for segment j, ¢, is the membrane capacitance per unit
J .
length, and r,, is the membrane resistance of a unit length.
4 .
The system to be solved is then defined by Eqgs. 3—11.

Separation of variables solution

It is easily shown (e.g., Ref. 3) that a general solution of Eq.
3 in separable form, with o as the separation constant, is

- —(t+a’)lr,
VI(X,, 1= yj(Xj)e ; , (13)
where y;(X;), the spatial part of the solution, is given by
¥j(X;) = Cj[cos a(L; — X;) + psin alL; — X))] 14)

and C; and p; are arbitrary constants. At X; = L;, y; reduces
simply to C,. The ratio of the values of y; at the two ends of
the segment can be expressed as

y;(0)y;(L;) = cos aL; + w;sin aL;. (15)

This represents an important basic relation for each segment,
and underlies the normalization factors k;, introduced below
in Eq. 25.

Application of boundary conditions

Applying the continuity constraint (Eq. 9) to Eqgs. 13 and 14
at a branch point where X, = L, (end of parent segment) and
X4 = O for all the daughters d, gives

C, = Cylcos aL,; + p,sin al,), (16)

which holds true for all the daughter segments d. Applying
the voltage continuity constraint at the soma gives

C, = y,(0) = Cy(cos aL,, + p,sin aL,)
Vst € stems, (17)

where C; is an arbitrary constant. Different daughter seg-
ments (or stem segments) can in general have different values
of C,, Ly and pg.

Using Eqgs. 13 and 14 in boundary condition (Eq. 7) gives

—8=a,C, = X g aCy(sinaly — pycosaly), (18)
de&dtrs,
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which on using Eq. 16 and simplifying gives

1 I — pycotal,
=3 2 g |~ | b
gx," d&dtrs, cot aLd + Fa
(19)

Note that if & = 0, u,, = 0 also. Singularities (points at which

the value is undefined) occur in ., whenever (cot aL, + )

= 0 for one of the daughter segments d. Special cases occur

when two or more such singularities from different daughters

coincide at the same value of a (see Appendix 4), or when

a singularity in cot aL, coincides with a singularity in u,.
Boundary condition (Eq. 4) gives

m; = 0, (for terminal segments). 20)

Thus, after application of the voltage continuity and current
conservation constraints, together with the terminal bound-
ary condition, w; for a given segment j is defined recursively
by Eqgs. 19 and 20, and its value depends on «.

Recursive transcendental equation for the
eigenvalues

Use of Egs. 13 and 14 in the somatic boundary condition (Eq.
8) gives

ng:[l _ E(1 + aZ)]e—(l+aZ)I/7m

= 2 gx”Cs,(X[Sin aLS[ - "LSICOS aLSI ]e A(l +02)'/Tm5 (2 1 )

stEstems

which may be simplified using Eq. 17 to

[1 — &l + a?)]

s o

1 — pyeotal,,
= « | =/ ). 22
2 B ( cot Oth, T Ky 22

stEstems

This recursive transcendental equation must be solved for
values of a 2 0 to give the eigenvalues a,,, n =0, 1,2, ...,
which satisfy the boundary conditions and other model pa-
rameters (see Implementation section for details of a root-
finding algorithm, and see Fig. 5 for a plot of an example
transcendental function). There is an analogy between Equa-
tions 19 and 22, and the recursive algorithm introduced by
Rall (38) for the calculation of steady state input conductance
in trees with arbitrary branching (also see Appendices 1 and
3). Both methods exploit voltage continuity and current con-
servation at branch points.

For a model composed only of unbranched cylinders orig-
inating from the soma (10), Eq. 22 becomes

[1 - el+a)]

gg——————= 3 g.tanal.  (23)
(4 7
JjEsegs
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To make clearer their dependencies on gg,un and ggm, the
left-hand sides of Equations 22 and 23 can be written as

gshunt/a — &sm& (Since 8s€ = gs(cs/gs)/(cs/gsm) = gsm)-

Time constants

Comparing Eqgs. 1 and 13, it can be seen that each «a,, cor-
responds to a time constant 7,, where

T, = 1,1 + o), (24)

(Equation 22 in Ref. 3.)

Continuous spatial eigenfunctions

When a = a,, define C;, to be the value of C; and p;, to be
the value of w;, for segment j. The spatial part y; (X;) of the
separable solution (Eq. 13) may then be expressed, for a =
a,, in a more convenient form by writing

Cjn = Dnan’ (25)

where the coefficient D,, is independent of the segment, and
K;» is a normalization factor (for the jth segment and the nth
eigenvalue), ensuring voltage continuity at branch points.
Thus for segment j, a spatial eigenfunction ;, can be defined
with associated eigenvalue a,, by

U, (X)) = K;,[cos o, (L; — X))
+ psin o, (L; = X;)],  (26)

so that when a = a,,

We note that the eigenvalues «,, are implicitly involved in
the boundary conditions, and therefore their associated
eigenfunctions y;, will be nonorthogonal (32).

The continuity factors «;,, using Eqs. 25 and 16, satisfy

- Kpn
= : , 28
Kan (cos a,L; + py,sin a,L;) (28)

where p is a parent segment and d is one of its daughters. In
order to satisfy the constraint (Eq. 10) and to ensure voltage
continuity at the soma, we take

Y, (0) =1 Vst € stems, (29)

and thus it follows that

1
(cos a, L, + p,,sin o, L)

Vst € stems. 30)

Kstn

Volume 65 July 1993

Combining Eqgs. 28 and 30, gives the iterative definition

IT (cosa,L, + w,sina,L,)”", 3D

cEchain;

Kj" =

where the elements of chain; are the indices of every segment
¢ in a “chain of direct descent” (“mainline”), starting from
the stem segment of the tree containing j, and ending with
segment j itself. In other words, k;, is the ratio of y;, at the
distal end of segment j to i, at the soma. Note that if oy =
0 (no shunt case), then k;o = 1, and ;0 = 1 throughout the
cell, corresponding to a uniform distribution of charge.

Amplitudes

By linear superposition of the solutions of the form (Eq. 13),
using Eqgs. 24, 25, and 27, the general solution to the cell’s
voltage response can be written as

V(X,,Z, 1) = 2 D, (X,)e” "™ (32)
n=0

Since A, = D, (compare Eq. 1 with 32), it can be shown
using techniques from complex analysis (see Appendix 1)
that, for an impulse of unit charge, injected into the “excited”
segment e and recording from segment r:

Ane, = An = En"llen(ze)dlm(xr)’ (33)

where the position-independent (“Electrical”) component is
given (except when n = 0 in the no-shunt case) by

2
E,= ,
8,26+ 6,) + 3 gurh(l +p)L] (34)

JjEsegs

and the spatial eigenfunction ys;,(X;) is defined in Eq. 26, «;,,
the continuity factor, in Eq. 31, and

0. = 1 - €1+ a?)
), = " . 35)
To make clearer its dependence on ggun and g, the term
gs(2€ + 6,) can be written g, + gshum/a,z,. Note the symmetry
between the stimulation and the recording sites in Eq. 33:
interchanging them will have no effect upon the resulting
voltage transient. With both stimulation and recording site at
the soma, A, = A, = E,.
If ap = 0 (case where € = 1), it can be shown that A, can
be written

1

Ay = ,
O Tm [g s + 2 8 ooij ]
JEsegs

(36)

which is the same as (total capacitance)™'.
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In the case of a model composed only of unbranched cyl-
inders originating from the soma (10), except when ay = 0
(e, e =1),

24,,.(Z X
A = balfa®)
“ Tm [gs(zE + en) + 2 gmijSCC anLj]
JjEsegs
where
cos a,(L; — X,)
Vin() cos a,L; (38)

For the n-cylinder, no-soma, no-shunt model, this can be
simplified further to give Eq. A1l of Ref. 4. In the case of
a single cylinder + soma + shunt model, Eq. 37 can be
further simplified: compare with Refs. 29, 30, and 39.
For single cylinder + soma models with the shunt omitted,
see Egs. 4.204.22 in Ref. 13, and Egs. 2.11 and 2.12 in Ref.
3L

Special cases requiring Eq. 33 to be modified (see Ap-
pendix 4), arise when a,, results from a singularity coinci-
dence in Eq. 22. These can be found using the Laplace trans-
form G of the impulse response, given in Appendix 1, and
complex residues (following Ref. 10).

An alternative, but less useful derivation of the amplitude
terms, using a modified orthogonality relation (32), will be
supplied upon request.

Parameter dependence

The important equations determining the solution can be fur-
ther simplified or rearranged to make clearer their depen-
dence on the “raw” parameters C,, R, Ri, 8shunt ds» and the
l; and d; values.

Equation 19 can be written

pp= —d,
. E d3/2 1 - [.deot(Zald \/ Ri/Rmdd) (39)
d
dedirs, cot(2ad,\/Ri/Rudy) + 1y
since for the jth segment
™ _
8=, = 5 (RuR) ™ "d}", (40)

and the product RR; is uniform over the entire cell.
Equation 22 becomes

oa, o

Sshumt = 5 + A/ 2 d-::’/z
Rm 2 RmRi stEstems
(1 = pycot2al,\/ Ri/Rmds,)) @D

cot2al, \/R/R,d,) + p

where a, = md’ is the soma area.
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Except for the case op = 0, Eq. 34 becomes

2
En = - k]
Cm [as + gshuntRman 2 + 2 aij,,(l + l-",?n)] (42)
JEsegs
where a; = ml;d; is the surface area of segment j. When

ap = 0 (no shunt case),

1
=Cm[ax+ > aj]‘

JjEsegs

E, (43)

Notice that, provided g = 0, and all the other electrical
and morphological parameters are positive (as one would
expect), E, is always non-negative.

(1) Cr
The p; terms in Eq. 39 and the roots a,, of Eq. 41 are not
dependent on C,,. The time constants 7, are directly pro-
portional to C,,, as can be seen from Eq. 24, using 7,, =
CnRom. Inspection of Eq. 42 reveals that the £, and hence all
the amplitude terms are inversely proportional to C,, as
would be expected intuitively (since voltage * capaci-
tance ~!).

(i) Rm
It can be shown that the roots «,, of the transcendental Eq.

41 are proportional to R,'f. (Ifa= ,1,42 then the arguments

of the cotangent terms can be written 2¢/\/ R;/d;, and are
therefore independent of R,,. All the w and  terms on the
right-hand side of Eq. 41 are therefore also independent of
R.,, as are the terms aR ' and a’a,R;". Thus the entire
equation can be rewritten in terms of the new variable £ in
a form not containing R,,. The roots &, of this equation are
independent of R,,, and therefore the original a, are pro-
portional to R ,',fz.) The k;, and w;, terms, and the spatial eigen-
functions ys;, will therefore be independent of Ry,.

The time constants can be written as 7, = R,,Cn,/(1 +
§3,Rm). For large §,, 7, =~ legi: the faster time constants are
independent of R,,. The slower time constants increase with
R, The term g, R, o, 2 in the denominator of Eq. 42 is
also independent of R,,, and thus so are all the E,, and am-
plitude terms. The independence from R, of the initial parts
of the responses is also clear from the form of early times
solutions for single cylinders (Ref. 2, pp. 41-42) and arbi-
trary dendritic geometries (12).

(iii) R;

If gohune is negligible compared with a?a,/R,,, then using the
substitution o = nR,.'”z, it can be shown that the x and
terms and Eq. 41 can also be rewritten in terms independent
of R;, yielding eigenvalues m,. Thus the larger a, values
(assuming a; > 0, and in the case of g.pune = 0, all the a,,
values) are proportional to R;” 12 and the corresponding k;,,
Mjn, and ¢, values are independent of R;.

The time constants are then given by 71, = 7,,/(1 +
ni/Ri ), and thus the faster ones (i.e., 1 large) are proportional
to R;. When g ..R o, 2 is negligible compared with the
other terms in the denominator of Eq. 42, i.e., when there is
no shunt, or for the faster waveform components, the E, and
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amplitude terms are independent of R;. The slower E,, terms
show no simple dependence on R; when the shunt is non-
zero: some may increase, and others may decrease as R;
changes.

Although it has not been proven rigorously, it appears that,
whatever the model, all the «,, values decrease with increas-
ing R;, and hence all the 7, values increase (except for 7, in
the zero shunt case, where oy = 0, whatever R;).

In a model with a soma but without a shunt, increasing R;
always leads to a decrease in the a,, values, since they are
proportional to R, 22 1t can also be shown for a single cyl-
inder model without a soma, but with a shunt, that da/dR; =<
0. To see this, we note that L is proportional to \/Ei, and
thus increasing R; is equivalent to increasing L. For this
model, the transcendental equation (Eq. 41), may be written
in the form

atan(al) = Lc (44)

where ¢ = R, gcwund/dl is taken as constant. Considering a
as a function of L, differentiating Eq. 44, we obtain,

da o sin al cos al — alL ) 45

dL \L sinaLcosal + aL |’ (45)
Using the inequality sin 8 = 6 for 8 = 0, Eq. 45 can easily
be shown to be negative, and hence a decreases with in-
creasing R;. Thus da/dL is negative for single cylinder mod-
els both with a soma and a shunt.

In models with a somatic shunt, increases in R; can have
complex effects on the amplitudes: some may increase, while
others decrease (although it appears that E;, always decreas-
es). In models without a somatic shunt, all the amplitude
terms are independent of both R, and R;: they are determined
only by the morphology and C,.

(1V) 8shunt
The right-hand side of Eq. 41 is monotonically increasing
with @, so increasing gqpu,, Will shift the roots to larger values
of a.. The slowest time constants will become smaller. How-
ever, since gqnun has progressively less influence upon the
eigenvalues as a increases, the fastest time constants and the
corresponding K;,, W;,, and i, values will be largely inde-
pendent of the shunt. The corresponding E, values will
also show little dependence on the shunt, since the term
EehuntRin 2 in Eq. 42 becomes negligible.

A given a, must lie somewhere between its value when
&shunme = 0 and its value when g, = . However, because
the roots of the infinite shunt transcendental equation are
the singularities of the zero shunt transcendental equation
(see Paper 11 (36) for discussion), and roots always alternate
with singularities, this range must be smaller than the interval
between a,, and «,,+,, with zero shunt. It therefore follows,
that with complex geometries, as soon as the «, become
closely spaced, they cease to increase appreciably with
&shune- 10 practice, for fully branched geometries based on

real neurones (e.g., pyramidal cells), this means that all but
the slowest few time constants are almost independent of

8shunt-
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It can be shown for the n-cylinder model (see Paper II (36),
section on Time Constants and R, ) that for small values of
Revunt = Vgehuno T = 7o' + Bn Repune, Where 7,° is the nth
time constant from the voltage clamp solution for the same
model and 3, is a constant (Paper II, Eq. 58). For the
n-cylinder model, the independence from gy, Of the early
part of the response can also be seen from the early times
solution (Egs. 4.15 and 4.17 in Ref. 10). The other parameter
dependencies for g, very large are discussed in Paper 11
(36) along with imperfect voltage clamp (see “Parameter
dependence (imperfect clamp impulse response)”’). Numer-
ous simulations have shown that E, always decreases
with increasing shunt, although subsequent E, values may
either increase or decrease, depending on the model
geometry.

In summary, the parameter dependencies of the impulse
response waveform components are: fast amplitudes:
x C. !, fast time constants: « R,C,, slow amplitudes:
« C !, change with R; and gy, Slow time constants:  Cp,
increase with R; (except 7o with zero shunt) and R,,,, decrease
as Zshunt ETOWS.

It should be emphasized that the above amplitude depen-
dencies only apply for the impulse response; convolving with
various input functions (see below) introduces further com-
plicating factors into the amplitude expressions which
change their relative weightings in a way dependent on how
close the corresponding time constant is to the input time
constants (e.g., see Eq. 52). In general however, when the
input is fast compared with a particular time constant T,, the
corresponding amplitude term will show roughly the same
dependencies as that in the impulse response.

Because both the amplitudes and the time constants of the
faster components are independent of R, changing R, will
not affect the relative weightings of the amplitudes after con-
volution with a particular input function. Hence, the early
parts of all responses, irrespective of the input waveform,
will be independent of R,,. Intuitively, this can be explained
as follows: axial resistances in typical dendritic trees tend to
be much lower than the membrane resistances, so the early
phase of charge redistribution is dominated by the membrane
capacitance and the cytoplasmic resistance. Only at rela-
tively late times does a significant fraction of the current flow
across the membrane resistance (Ref. 2, pp. 41-42). A similar
point is illustrated for the voltage clamp case in Fig. 9 A of
Paper III (37).

When an attempt is made to estimate electrical parameters
by matching model impulse transients to real experimental
waveforms for a given cell (see Example 1), it can be seen
that the fast amplitudes in the data will constrain C,,, and the
fast time constants will be important for constraining R;. The
slower amplitudes will be important for constraining ggnun
and the slower time constants will finally constrain R,,,. If the
target data contains insufficient information about either the
early or the late components, then some or all of the electrical
parameters will be underconstrained and fit nonuniqueness
can become a problem (e.g., Refs. 20, 27, 34, 35 and Example
1, below).
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RESPONSES TO OTHER INPUTS

The linearity of the system can be exploited to obtain the
response to any arbitrary current input (or initial voltage
distribution), by convolution (e.g., Ref. 2, Chapter 13). Con-
ductance inputs are not considered here: compartmental
models are probably the most convenient tool in such
cases.

Current steps (or during current pulse)

The response to a current step of amplitude i;, at t = O is

x
A~ . -t/
V(X0 200 1) = 0%, 2,) — 2 BinTaA, €7, (46)
n=0

where V,(x,, z.), given in (Eq. 110) is the steady state voltage:
see Appendix 3 for details. Notice that all the amplitude terms
are independent of C,, (since A, < 1/Cp,) and that the fast
amplitude terms are proportional to R;, since T, * R;Cy,.

The response to a short current pulse can be obtained using
Eq. 23 in Ref. 29.

“Alpha” function currents

Some synaptic currents are thought to be well approximated
by functions of the form

i(t) = Qa’te ™™, 47

(e.g., Refs. 40 and 41), where a is the inverse of the time-
to-peak and Q is the total charge injected. The waveform
obtained by convolving an “alpha” function with the impulse
response is

* QazA,,
s Zos 1) = _  er
vr(xr Z ) n§=:0 (1/1_” _ a)Z

fe™"™ + e *t(l/1, — a) — 1}] (48)

(compare with Ref. 42, p. 208, Eq. 5.62). Special cases arise
when a = 7, !. These can be avoided in practice by changing
a by a small amount (<1 in 107%). All the #(1/7, — a)e *
terms can be lumped together (see Appendix 2).

Muitiexponential currents

Recent experimental evidence (e.g., Ref. 43) suggests a good
approximation to synaptic currents may be a waveform com-
posed of one or more exponentially decaying components
with different time constants 7, .

In response to a current decaying with a single time con-
stant 7,

i) =2 o, (49)

Tsy

the voltage response is

x QA
vr(x,q Ze’ t) = 2 —'2'—_——

[e—l/‘r,, _
n=0(1 — *rsy/'r,,)

e, (50)
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A commonly used variant is the dual exponential current:

i(t) = ?

TS)’] TS)’z

(e_I/T\Yl _ e—l/‘r‘y:), (51)

(compare with Ref. 44, p. 327). The response is

—1f
V(52 ) = S QA, 2 e
n=0 (Tn - Tsyl)(Tn - Tsyz)
+ TnTsy — i,
(Ty, = To)(Tey, = Ta)
+ 'Tn 1-syz e t/‘r\y: (52)
(TS)'z - TS)’l)(TS)’z - T")

Again, special cases arise when one of the synaptic time
constants T, is the same as one of the cell time constants 7,,.
See Appendix 2 for a discussion of how to lump together all
terms of the form e "™, to improve accuracy and speed.

IMPLEMENTATION
The taming of the transcendental equation

A root-finding algorithm is necessary for solving the recur-

sive transcendental equation (Eq. 22). If time constants

smaller than 7,;, are not required, (Eq. 24) implies that the

search for eigenvalues can be limited to a < (7,,/ T,y — 1)/
The function

2 —
&ru+a) q+ s
o

stEstems

1 — t al
2. Mg COt Ly, (53)
*\ cotaL, + u,

is straightforward for simple geometries like a soma-single
cylinder (e.g., Ref. 29, Fig. 2). Models based on real neuronal
morphologies (e.g., the hippocampal CA1 pyramidal cell in
Example 1 and Fig. 2) can produce very complicated tran-
scendental functions which resemble the superposition of
several tangent curves of differing periodicities (e.g., see Fig.
5). Between neighboring singularities, the function Eq. 53
increases monotonically. At some point in this interval, as it
crosses the o axis moving from negative to positive values,
azero occurs. The value of the function can vary dramatically
and unpredictably with extreme irregularity in the spacing of
the singularities along the « axis. This is true even of the
simple case of two coupled segments with no soma or shunt.
The variable intervals between singularities can pose a se-
rious challenge to any root-finder which simply marches
along the « axis looking for positive-going zero-crossings,
however sophisticated its “homing in” strategy. It can never
be guaranteed to find all the eigenvalues in the range of
interest, because there will always be the possibility of inter-
singularity intervals much shorter than its minimum search
increment, and the corresponding zeros will be missed.
Careful examination of Eq. 22 suggests a recursive root-
finding algorithm which will not miss any zeros of (Eq. 53):
first find the singularities of the function, and then search the
interval between neighboring pairs of singularities for the
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CA1 Pyramidal Cell
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FIGURE 2 The rat hippocampal CAl pyramidal neurone (used in Example 1 and Fig. 1). On the left is a camera lucida reconstruction of the cell, which
was filled with biocytin and reacted with avidin-horseradish peroxidase. On the right is a dendrogram of the same cell: vertical lines indicate the relative
lengths and diameters of segments, following a “spine collapse” procedure which increases the length of each segment by a factor of F?3 and the diameter
by a factor of F'/3, where F is the ratio, for that segment, of the surface area with spines to the surface area without spines.

zeros, by means of “binary chopping.” (If the value of the
function at the mid-point of the interval is negative, search
the right-hand half-interval. If the value is positive, search the
left-hand half-interval, and so on, until the absolute value of
the function is smaller than some criterion, at which point a
root of Eq. 22 has been “found.”

A dummy singularity is assumed at a small negative value
of « to limit the search on the left. A singularity in Eq. 53
occurs whenever there is a singularity contributed by one of
the subtrees (with parent segment d) originating from the
soma: a singularity in one is a singularity in all. The singu-
larities from individual subtrees will be scattered in some
fashion along the « axis. If there is more than one subtree,
the various contributions must be merged into a single sorted
list before the intervals are binary-chopped.

A subtree singularity occurs whenever the corresponding
denominator term in Eq. 53, the function

cotal,; + u, (54)

is zero (for special cases, see Appendix 4).

Therefore, in order to find the subtree singularities of Eq.
53, it is necessary to find the zeros of the negative value of
function Eq. 54 which, like Eq. 53, is monotonic increasing
between singularities. Those singularities originating from
the cotangent term occur whenever «,, = N/L,, for integers

N = 0. The others are the singularities of w,. Any daughter
segment j of d which is a termination, will contribute to p,
the term — g, tan aL;, which has singularities at 2N + 1)7/
2L;. Nonterminal daughters will contribute terms with sin-
gularities whenever their denominators, also of the form of
Eq. 54, are zero. These can be found by recursing down the
tree until eventually the tips are reached. Once all the sin-
gularities of a subtree have been found and ordered, the in-
tervals between them can be binary chopped to find the zeros
of Eq. 54, and hence the singularities for the next level up
the tree toward the soma.

Every time a generation in a subtree is ascended (going
back toward the soma), the last singularity obtained from the
previous level’s zeros is at a progressively smaller value of
a. In order to find all the relevant zeros of Eq. 53, at the level
of the soma (i.e., the eigenvalues), it is necessary to include
one further zero along the « axis, of the appropriate function
(Eq. 54), per generation descended from soma to tips. With-
out this precaution, time constants in the range of interest
may be missed.

Programs

An ANSI-C program has been written to find the «,, values,
by means of the recursive algorithm described above, and
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hence to calculate the 1, and A,, values and waveforms for
various input functions, and stimulation and recording po-
sitions. Another program fits these model waveforms directly
(14, 20, 45) to experimental responses by adjusting param-
eters under the control of a simplex algorithm (Refs. 46, 47
(p. 305)). Programs and further details of implementation
will be supplied upon request.

APPLICATIONS
Example 1: Hippocampal CA1 pyramidal cell”
Full model

Morphological data were obtained from an adult rat hippoc-
ampal CAl pyramidal neurone filled with the marker bio-
cytin during an in vitro slice experiment and reacted with
avidin-horseradish peroxidase after fixation (Ref. 34, Chap-
ter 5). The cell was drawn and reconstructed with a light
microscope and camera lucida under high power (X100 oil
immersion objective, Fig. 2, left). Estimates were made, for
all segments, of their diameters and their lengths within the
plane (34). Each segment’s end-to-end displacement perpen-
dicular to the plane of section was also measured using the
fine focus. To obtain an estimate of the actual length in three
dimensions, Pythagoras’ theorem was applied. The length
was then multiplied by an additional “wiggle” factor (in this
case, 1.2), to account for snaking up and down perpendicular
to the plane of section. Dendritic spines were counted on a
subsample of segments of different classes and diameters,
lying fairly flat in the plane. Graphs of spine density versus
diameter were prepared (e.g., basal dendrites with a diameter
of 0.6 wm had about 3.2 spines um™'). The cell had roughly
36,000 spines in all. Single spine areas were assumed to be
0.83 um?, taken from a serial electron microscopy study
(Ref. 48, Table 2).

The data was entered into a computer file, and spines were
collapsed into their dendritic shafts of origin (Refs. 20, 49,

TABLE 2 Selected details of CA1 pyramidal cell model

Cn 0.7 pFem2
Rm 100,000 Qcm?
&shunt 150 l'lS

d 17.0 um
Stem segments 9

Segments 190

Branch points 87

Terminations 103

dbasal* 0.79 pm
dohlique* 0.74 pm
dyyr* 0.57 wm
Maximum tree depth 22

Surface area 64,420 um?
Tm 70 ms
8sm 0.0908 nS

€ 0.0060

Stems’ total g.. 8.08 nS
Maximum Lgf 0.39

* Average diameters of terminal segments of subscript ., after spine
incorporation.

f See Eq. 114.
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Hippocampal CA1l Pyramid:
Direct Fit to Short Pulse Response

24 C,0.7 ;,chm2
S R; 199 Qcm
E R, 85,100 Qcm?
.E ] Ehone 13.7 S
o
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o
o
(3]
=
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FIGURE 3 Illustration of direct fitting, using the hippocampal CA1 py-

ramidal cell. Recording from the soma. Fit interval 2.5-40 ms. The real cell’s
experimentally recorded response to a +0.5 nA somatic short current pulse
(duration 0.5 ms) is the noisy dotted line (average of 200 sweeps, scaled by
a factor of 2 to normalize it to 1 nA, digitally smoothed with a o = 0.05¢
variable Gaussian filter: see Ref. 34, Appendix A). Note logarithmic voltage
axis. When C,, was fixed t0 0.7 wFcm~2 and R; to 199 Qcm, the optimal
values of Ry, and gy were 85,100 Qcm? and 15.7 nS, respectively. A
model with these electrical parameters and the morphology specified in Fig.
2, given a somatic input current of 1 nA, duration 0.5 ms, yielded the solid
waveform. Fit nonuniqueness: acceptable fits could be found with C,, fixed
at any value between 0.65 and 0.825 wFcm ~2; these all had R, values close
to 200 {dcm, but R,, varied between 133,000 and 46,000 Qcm? and g.nun
varied between 17.9 and 11.1 nS, respectively. See Ref. 34 (Chapter 5) for
more details.

34 (Appendix B), see also Fig. 2 legend). This “full” mor-
phological specification is portrayed in the dendrogram in
Fig. 2 (right) and summarized in the middle of Table 2.

Electrical parameters

The four electrical parameters selected for the model are
listed at the top of Table 2. They are loosely based on the
results of directly fitting the short pulse response of the full
model to that of the real cell (see Fig. 3 and Ref. 34 (Chapter
5), for details). The value of Cy, of 0.7 uFcm™ was a com-
promise based upon typical optimal values found from direct
fits of short pulse responses in both cortical and hippocampal
pyramidal neurones (34), and direct measurements on lipid
bilayers (50, 51), erythrocytes (52, 53) and squid giant axons
(nonfrequency-dependent component) (54, 55, 56). A sharp
electrode was used for the recording, which may explain the
large shunt (approximately 15 nS). This in turn led to a high
R, of the order of 100,000 Qdcm? being required to match the
final decay of the experimental waveform. The R; of 200
Qcm, high compared with “traditional” values closer to 70
Qcm, was required to fit the early components of the cell’s
response (see Ref. 34 for discussion).
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CA1 Pyramidal Cell Cartoon Representation
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FIGURE 4 “Cartoon” representation of the CA1 pyramid in Fig. 2. Above each segment is its length, and within it, at one end or just below, is its diameter.
The model has a somatic shunt, and receives an input onto a dendritic spine (center right). The spine dimensions are: neck diameter, 0.15 pwm; neck length,
0.45 pm; head diameter, 0.37 pum; head length, 0.53 pm. The other symbols mark input and recording sites used in Paper III: (J, proximal basal (segment
2, 65 pum); O, mid basal (segment 3, 214 um); @, apical oblique (spine head: segment 26, 0 wm), A apical tuft (segment 19, 81 wm).

Equivalent dendrite collapses

Following Ref. 20, a simplified representation of the full
morphology was prepared, using equivalent dendrite col-
lapses. A group of subtrees, of roughly the same relative
electrotonic length, are aligned at their origins. Each segment
J then has its length adjusted by the transformation /; =
L /\/:7,». All lengths are now in terms of relative electrotonic
distance x' from the origin. The subtrees must now be com-
bined or collapsed together. Moving away from the origin,
at regular intervals (e.g., every “um'?”), the diameter D(x’)
of the electrically equivalent cylinder is calculated using the
3/2 Rule (e.g., Ref. 13): D(x') = (2 d;(x")**)*3, where the
summation is over all segments at that relative electrotonic
distance x’ from the origin. The resulting equivalent dendrite
is divided into segments ¢ of constant diameter D_ and rel-
ative electrotonic length [,. Finally, to ensure total surface

area is conserved, the transformation I = I.\/ D, is applied
to each of these segments, to give its physical length I?. For
further discussion of l/\/;i-based transformations see Refs.
27 and 57.

“Cartoon” representation

A simplified “cartoon” representation of the cell, following
Stratford et al. (20), is summarized in Fig. 4. All the basal
dendrites were combined into a single equivalent dendrite.
Likewise, groups of apical oblique dendrites originating
within 100 um of one another were collapsed together, and
the equivalent dendrite was reattached to the apical trunk at
a point midway between the origins of its component ob-
liques (weighted toward the bigger ones). Each apical tuft
was also collapsed. The resulting structures were represented
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TABLE 3 Waveform components from CA1 pyramidal cell models
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Full Model Cartoon representation
n ay T, (ms) E.;* (mV) ampaest n ay, T, (ms) E,* (mV) ampaest
0 1.34 25.11 1.266 0.193 0 1.36 24.66 1.346 0.203
1 2.36 10.64 0.206 0.067 1 2.57 9.21 0.215 0.083
2 2.86 7.61 0218 -0.076
3 3.19 6.28 0.042 -0.001 2 3.18 6.30 0472 -0.151
4 337 5.67 0.005 0.001
5 3.40 5.56 0.000 0.000
6 3.48 5.34 0.017 0.012
7 3.55 5.14 0.010 0.015
8 361 4.99 0.006 0.029
9 3.65 4.88 0.000 -0.001 3 383 447 0.061 -0.010
31 5.18 2.51 0.237 -0.035 7 6.19 1.78 0.044 -0.013
42 6.03 1.87 0.134 0.105 8 6.39 1.67 0.181 0.012
53 7.42 1.25 0.110 -0.003 9 6.90 1.44 0.132 -0.011
54 7.54 1.21 0.115 -0.003
55 7.64 1.18 0.128 -0.000
59 7.84 1.12 0.190 -0.002 10 7.81 1.13 0.003 0.003
65 8.68 0.92 0.154 0.012 11 8.61 0.93 0.075 0.000
66 8.74 091 0.212 0.002 12 9.11 0.83 3.21 0.006
448 59.16 0.02 0.118 0.000 78 59.04 0.02 0.563 0.000
sy, 0.10 0.095 sy, 0.10 0.004
sy> 2.00 -0.005 sy 2.00 0.349

* X 107'2. Equivalent to amplitude of somatic response to 1 pC somatic point charge.
. ¥ Amplitudes [mV] of somatic response to double exponential current: total charge 0.1 pC, 7, 0.1 ms, 7, 2 ms, injected 158 wm into segment 146 of the
full model (Fig. 2) or into the spine head (segment 26) in the cartoon representation (Fig. 4).

by between one and five segments of fixed diameters (equal
to the average diameter over the corresponding length of the
equivalent dendrite). Care was taken to ensure that the over-
all surface area was very close (within 0.01%) to that of the
full model (64,420 wm?). One apical oblique dendrite was
left uncollapsed. All the spines in this dendrite were col-
lapsed into the shaft except one, which was to be the site of
a synaptic input. This spine (with the median dimensions in
Table 2 of Ref. 48 was attached half way along the dendrite.
In Fig. 4 it can be seen that the cartoon represents the es-
sential structure of the full model (basal tree with some initial
flare and final taper, bifurcating apical trunk, a large number
of apical obliques, tapering apical tufts). Above each segment
is written its length [pum], and within, at one end or just below
it, its diameter. For clarity, segment numbers are omitted;
with a left-first, depth-first scheme the basal stem would be
segment 1, and the spine head would be segment 26.

Comparison of full model and cartoon

Both models were given the same electrical parameters
(Table 2, top). Identical inputs were injected into correspond-
ing points on their dendritic trees: half way along segment
146 in the case of the full model, and in the spine head of
the cartoon. This apical oblique site would probably have
received a Shaeffer collateral input in the original cell.
The input used was a double exponential current: total
charge 0.1 pC, 7, 0.1 ms, 7,, 2 ms. These figures are con-
sistent with recent glutamate pulse experiments on AMPA
receptors in excised patches from hippocampal slices (43),
and give a time-to-peak current of about 0.3 ms. The total
charge was deliberately chosen so that the peak response

at the soma was about 120 uV (see Fig. 6), comparable to
the mean quantal amplitudes in Ref. 58. Further synaptic
potentials from these models are shown in Fig. 8 A of Paper
III (37).

Table 3 lists for both models some of the eigenvalues «,,,
their associated time constants 7, [ms], their position-
independent amplitude components E, (X 107'?) [mV] (Eq.
34) and the amplitudes in response to the synaptic inputs
described above. In the lower half of the table, only com-
ponents with relatively large E,, values are listed, (upton =
66 for the full model, and n = 12 for the cartoon). Com-
ponents contributing to similar portions of the waveforms are
crudely aligned to facilitate comparison.

A plot of part of the transcendental function (Eq. 53) for
a full model of the same cell with slightly different param-
eters is shown in Fig. 5. Note the extreme irregularity in the
spacing of the singularities and zero-crossings.

It can be seen that for the 190-segment full model: (i) many
of the time constants are very close to one another, (ii) the
majority of them have relatively small E, values, (iii) nearly
450 components are required to obtain 7, values below 0.02
ms. A component with this time constant might exert an ef-
fect out to about 0.1 ms, depending on the size of its cor-
responding E,,.

In the case of the 44-segment cartoon representation: (i)
the time constants are more widely spaced, (ii) the E, values
are usually larger than those of the full model: roughly speak-
ing, several full model terms become “lumped” together to
give each cartoon term (for n > 2), (iii) only 78 components
are required to achieve 7, < 0.02 ms.

Although the lumped terms (sy,; and sy,) and all but the
first two components listed in Table 3 are very different for



436 Biophysical Journal

Transcendental Function for Hippocampal CA1 Pyramid
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FIGURE 5 Plot of part of the transcendental function (Eq. 53) for a model
of the CA1 pyramidal cell in Fig. 2. Notice the extreme irregularity in the
spacing of the zero-crossings (roots) and singularities.

the two models, the corresponding waveforms in (Fig. 6) are
remarkably similar. The cartoon also reproduces the full
model response reasonably faithfully when other input or
recording sites are tested, under both voltage recording and
voltage clamp (see Paper III (37)), providing the two loca-
tions are not both in the same collapsed segment.

Responses were recorded both from the soma and den-
dritic segments of the cartoon. Virtually no difference was
observed between the transients generated by spine head in-
puts and those resulting from the same inputs into the parent
shaft at the spine base (not shown). Indeed, removing the
spine altogether had a negligible effect on the component
time constants and amplitudes in Table 3.

Despite the slow convergence of the exponential series
(Eq. 1) for the full model, the waveform generation program
required only about 114 C.P.U.s (central processor unit sec-
onds) on a SUN 4/SPARC-2 workstation to find about 450
eigenvalues. (Only 5 C.P.U.s were required to find 80 roots
using the cartoon, which is a considerable increase in speed.)
Once the roots had been found (or read in), about 6 C.P.U.s
were required to calculate the k;, values, and 8 C.P.U.s were
required per 100-ms waveform. A compartmental model of
the same cell with the same parameters, run using an existing
package (14), written in Fortran-77 and compiled with op-
timization, required just over 400 C.P.U.s on the same pro-
cessor to generate 100 ms of waveform (although it could
generate responses from up to 10 recording positions at
once). This model had 15 compartments per space constant
and consisted of a total of 553 compartments. The program
used an explicit integration method; the time step required
(for stability) was 0.5 us. Implicit methods (e.g., Ref. 15)
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FIGURE 6 Somatic voltage responses of the full and cartoon CA1 models
compared. The inputs are to corresponding points in the two models: a
typical apical oblique segment, probably receiving synapses from Schaeffer
collaterals (@ in Fig. 4 above and also Fig. 7 of Paper III: segment 146, 158
um in the full model). The current is a double exponential function, with
total charge 0.1 pC, 7 0.1 ms and 7, 2 ms.

would be able to use a longer time step and, as a result, might
be faster, although systematic benchmarking has not been
performed.

In other comparisons, transients were generated by the
compartmental model using 99 compartments per space con-
stant in the input and recording segments, to achieve the
maximum allowed accuracy in the positioning of the stim-
ulation and recording positions. The corresponding analytic
solution waveforms were indistinguishable, except for
“artifacts” lasting out to about 0.1 ms. These were due to the
omitted components (those with time constants faster than
T448)-

The accuracy and efficiency afforded by cartoon repre-
sentations may be particularly useful in active compartmen-
tal models, given the potentially large number of state vari-
ables per compartment.

Example 2: Two cylinder + soma + shunt model
Visual cortical pyramidal cell simplified representation

The second example is much simpler, but illustrates several
important features of the branching-geometry analytic so-
lution. The model is based very loosely upon a simplified
representation of a typical adult rat layer III visual cortical
pyramidal neurone, shown in Fig. 7 (34); see Ref. 59 for other
examples. The dendrites of this cell fall into two groups with
very different physical lengths, as can be seen from the den-
drogram in Fig. 7 (right): (i) the basals and apical obliques
and (ii) the apical trunk plus tuft. This dichotomy is even
more pronounced when relative electrotonic lengths are
compared (Ref. 34, Chapter 3).
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Visual Cortical Pyramidal Cell
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FIGURE 7 Representations of a layer III rat visual cortical pyramidal neurone, upon which the double cylinder model in Example 2 (Fig. 8) is loosely
based. Notice that the basal dendrites and apical oblique dendrites seem to form one group with very similar physical lengths (after spine collapse), while
the apical tuft segments form a second group terminating much further away from the soma.

Single spine areas were assumed to vary with dendritic
diameter d in the following manner: d < 1.5 um: 1.7 um?,
1.5 um < d <2 pm: 1.5 um?, d 22 um: 1.4 um? (57, 60,
61). Spine collapses were carried out on all the dendrites. The
apical oblique dendrites were then stripped from the apical
trunk and attached directly to the soma. One equivalent den-
drite collapse was performed on the basal/oblique tree and
another on the remaining apical tree. Finally, this simplified
representation was further idealized, by “squaring off” the
resulting near-cylinders to obtain the double cylinder rep-
resentation in Fig. 8 and Table 4. In Fig. 8, the short, fat
dendrite on the left (“basal”) corresponds to the collapsed
basal and apical oblique dendrites. The long, thin dendrite on
the right (“apical”) corresponds to the apical trunk and tuft.
This model is not an adequate representation of the neurone:
it has a different surface area, and its charge equalization
characteristics are less complex than those of the full ge-
ometry (it produces far fewer exponential components for a
given cut-off 7). It does, however, capture one very important
feature: the two classes of dendrites with very different rel-
ative electrotonic lengths.

Responses and “slow bends”

The “raw” electrical and morphological parameters of the
model are listed at the top of Table 4, and the “core” model
parameters are listed below them (see Discussion for further
explanation). The “traditional” value for C,,, 1 chm‘z, is
used. R; and R, are close to the optimal values found for this
cell by directly matching model to experimental short pulse

responses (Ref. 34, Chapter 4). A large shunt of 100 nS is
used, to accentuate the slow bends, 1.e., slow increases in
apparent g as the fit interval is made progressively later (see
below). Table 5 contains a partial list of the output of the
waveform generation program when given this model as in-
put. The time constants apply over the entire cell, irrespective
of input and recording sites. (Note that 7,, = 50 ms.) The unit
impulse (1 pC) response amplitudes A, [mV] vary with input
and recording site (e and r, respectively) and are unaltered
if these sites are interchanged (a symmetry implied by the <>
notation): four examples are given. Again, the waveforms,
plotted in Fig. 8, are indistinguishable from the equivalent
compartmental model output, except for the initial artifact.
In the cases shown, enough exponential components were
included to effectively remove the artifact.

The waveforms are re-plotted using semi-logarithmic axes
in Fig. 8 B. After about 12 ms (= 57,), the different relative
sizes of Ag and A, in the various solutions are largely re-
sponsible for the markedly different degrees of curvature or
bend that can be seen.

In Table 6 are the results of estimating for each waveform
the apparent decay time constant T.; over two intervals
(20-30 and 40-50 ms). Linear regression is used to fit a
straight line through the In(v) against ¢ values; once the slope

and intercept are known, T is given by
T4 = — l/slope. (55)

In the last column of Table 6, the ratio between the two 7 ¢
values is given. The positive ratios and 7.¢ values greater
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2-Cylinder+Soma+Shunt Model
Impulse Responses
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FIGURE 8 Responses to 1 pC instantaneous point charges (impulses) of
a model based on a simplified representation (see A, inset) of the layer III
pyramidal cell in Fig. 7. The right hand or “apical” (trunk + tuft) equivalent
cylinder is much longer and thinner than the left hand or “basal” (basals +
obliques) cylinder. The injection and recording sites are marked by arrows.
The basal dendritic input site is located halfway along the basal equivalent
cylinder (x,/I; = 500 pm/1000 pm), and the apical input is two thirds of
the way along that equivalent cylinder (x,/l; = 1000 um/1500 pm). Each
waveform is labeled with the particular input site (e) and recording site (r)
used to generate it (e <> r) Notice that the waveforms are not affected by
exchanging these two positions, as the <> notation implies. For example, the
“synaptic” potential 1 < S recorded at the soma by stimulating site 1 is
identical to the transient recorded at site 1 in response to a somatic impulse.
See Table 4 for details of the model parameters and Table 5 for information
about the component time constants and amplitudes of these transients. (A)
Linear voltage axis. (B) Logarithmic voltage axis to illustrate slow “bends”
in the “apparent time constant,” 7. The slowest (Oth) component,
Ao“e"”", of the soma-to-soma waveform (S < S) is also shown. Over a
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TABLE 4 Details of two-cylinder + soma + shunt model

“Raw” parameters

Cn 1.0 wuFem~2

R 50,000 Qcm?

R 250 Qcm

8shunt 100 nS

ds 15.0 pum

3 1,000 um

d, 10.0 pum

12 1,500 pum

d, 40 pm
“Core” parameters

T 50.0 ms

gs 100.14 nS

€ 0.0014

L, 0.447

8, 14.05 nS

L, 1.061

8=, 3.56 nS
Dendritic recording sites

X|* 500 pm

Xy 0.224

XZ* 1,000 pm

X> 0.707

* Arrowed sites in Fig. 8.

than 7¢ for cases 2 <> S and 1 <> 2 arise because during the
intervals chosen, particularly the first, the contribution of a
large negative A is still significant, and the semilog-plots of
the waveforms are convex upwards. The other two cases,
however, have small A, values and large positive A; values.
After about 12 ms, the voltage decay is dominated by 7, until
very late times (after 45 ms), when T tends slowly towards
7o. The contribution of A; relative to A diminishes with time,
and the semi-log waveform appears to undergo a slow bend
as its gradient swings away from — 1/7; and toward — 1/7,.

The pitfalls of applying crude methods for estimating the
final decay time constant are obvious in the example given,
both because the data are noise-free, and because the un-
derlying A, and 7, values are already known. In the experi-
mental situation, however, where noise can obscure wave-
forms at late times, and where distortions may be introduced
by active conductances, particularly “sag” (e.g., Refs. 33, 34,
62, 63), the following errors may occur while trying to es-
timate 7,: (i) regression over an interval where a large am-
plitude early component with the opposite sign to Ay is still
significant and the semi-log waveform (X-1, if Aq is
negative) is convex upwards, (ii) regression during a slow
bend, (iii) regression during an apparently linear phase of
decay (on the semi-log plot), where bend and sag cancel out,
(iv) regression over an interval where the apparent time con-
stant has been prolonged by any active conductance with
effects opposite to sag.

All of these errors can lead to apparent 7, values that may
bear little relation to the “real” value: they can be either

particular interval, 7.¢ depends on the input and recording position: where
at least one of these is a distal apical site (2), 7 after 12 ms is much longer
than for cases where only the basal dendrite (1) and/or soma (S) are involved
(see Table 6). Only at very late times do the apparent time constants of the
different waveforms all converge on the actual 7, of 16.5 ms.
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TABLE 5 First ten components of waveforms* in Fig. 8

Tn A,,” A, A"z, A,,l2
n o, ms mV mV mV mV
0 142 16.50 0.036 0.042 0.524 0.619
1 2.71 5.99 0.581 1.361 -0.347 -0.811
2 4.38 2.47 0.040 -0.059 -0.013 0.020
3 7.14 0.96 0.700 0.018 -2.052 -0.053
4 8.57 0.67 2.449 1.081 2.574 1.136
5 10.38 0.46 0.003 0.031 -0.149 -1.478
6 13.07 0.29 0.687 -0.741 -0.232 0.250
7 14,78 0.23 3.510 -3.660 -1.729 1.801
8 16.44 0.18 0.229 -0.410 1.274 -2.283
9 19.09 0.14 0.290 0.198 1.474 1.006

* Generated by injecting 1 pC point charges into model in Table 4.

greater or smaller. “Peeling” (3), to obtain further time con-
stants, is very sensitive to errors in the components stripped
away: even a relatively small error in 7y can lead to serious
errors in 7. Exponential fitting or transform-based methods
may lead to smaller errors in 7;, depending on how the data
is weighted (e.g., Ref. 4).

It is worth noting that different fractional errors in 73 and
7, will cause errors in estimates of a single L value based on
the 7o/7 ratio (Eq. 3 in Ref. 3). In any case, L values obtained
employing this commonly used formula may be misleading
for a number of other reasons, for example:

(i) The cell may have a large soma relative to its dendritic
tree, in which case Eq. 23 of Ref. 3 combined with Eq. 6 of
Ref. 64 can be used to obtain a better estimate of L, (pro-
viding there is no somatic shunt). Alternatively, fitting al-
gorithms based on the solutions in Refs. 3 and 13 can be used.

(ii) There may be a somatic shunt. If so (which seems a
reasonable possibility for most sharp electrode recordings),
methods based on the solutions in Refs. 29 and 30 should be
used, bearing in mind problems of fit nonuniqueness (e.g.,
20, 26, 34, 35, 65, 82).

(iit) The cell may have dendrites of very different elec-
trotonic lengths (4, 66, 67). This is the case for many
pyramidal neurones (e.g., 20, 34, 57, 68) and motoneurones
(e.g., 35, 45, 69, 70).

DISCUSSION
The solution

Generalizing the results from previous studies (3, 10, 13, 29,
30, 31, 39), the following solution has been derived for the
impulse (unit point charge) response of a passive cable model
of a neurone with a branching dendritic geometry, soma and
shunt:

VX 200 ) = 2 E P, @A, (6N, )e "™, (56)
n=0

where the subscripts e and r refer to the input (excited) and
recording segments, respectively, and z, and x, are the dis-
tances along the relevant segments of the stimulation and
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TABLE 6 Naive estimates of 7, for two-cylinder + soma +
shunt model

Tefr, Teft,

Waveform (20-30 ms) (40-50 ms) Tetr,/Tesr,
seos 8.52 13.56 0.63
les 7.45 11.94 0.62
2o 18.10 16.67 1.09
12 20.25 16.84 1.20

* Apparent 7, [ms], estimated over given interval.

recording sites. The roots «, of the recursive transcendental
equation (Eqgs. 19, 20, 22), together with Eq. 24, define the
time constants 7,. Equations 26 and 31 define the spatial
eigenfunctions ,,; the position-independent (Electrical)
component E, of each amplitude is given in Eq. 34; A; is the
space constant of segment j (see List of Symbols).

Waveform components

The solution does not allow the generation of any waveforms
which cannot already be produced by means of compart-
mental models (although small soma, big shunt cases tend to
require very small time steps). Indeed, compartmental mod-
els are far more flexible. The solution presented here, how-
ever, gives direct access to the exponential components of
those waveforms produced by current inputs.

The time constants and amplitudes are useful in them-
selves, e.g., for (a) comparing different representations of the
same cell, (b) understanding the parameter dependencies of
responses (see below), (¢) checking the accuracy of the ap-
parent amplitudes and time constants extracted from wave-
forms by means of peeling (e.g, Ref. 13, p. 82) or exponential
fitting, (d) assessing parameter estimation techniques which
depend on the values of two or more time constants or am-
plitudes (or their ratios), e.g., the methods described in Refs.
3, 26, 29, 30, and 64, (e) comparing with the time constants
and amplitudes obtainable from the eigenvalues and eigen-
vectors of matrices encoding compartmental models
(e.g., Refs. 4, 25, 35).

Important aspects of the solution

(i) The most challenging part to implement is the search
for the roots of the recursive transcendental equation (Eq.
22). These roots, o, give the time constants 7, from Eq. 24.

(ii) These time constants are independent of stimulation
and recording position: they hold for the entire cell.

(iii) The amplitudes A,, are affected by the stimulation and
recording positions. One part E, of each amplitude term is
aconstant over the entire cell, and depends only on the model
parameters and the corresponding eigenvalue a,,. The second
part i, varies with the input (or excitation) site, and the third
part y,,, varies with the recording position.

(iv) There is symmetry in the amplitudes between input
and recording positions: interchanging them makes no dif-
ference to the waveform resulting from a particular stimulus.
(This parallels the input-recording site symmetry in the
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steady state solution.) See Paper II (36) for further discussion
of this reciprocity relation.

Closely spaced time constants

Complicated geometries with many cylinders of differing
electrotonic lengths produce many time constants within the
range of interest (see Example 1, also Ref. 4). Sometimes
these 7 values are clustered. The vast majority of the asso-
ciated amplitudes measured at the soma are relatively small.
For complex geometries, particularly, it is extremely difficult
to extract the time constants and amplitudes from the re-
sponse waveforms (4) by peeling or by more sophisticated
fitting techniques (e.g., Refs. 28, 71). This is because of the
“severe nonorthogonality of exponentials” (28, 72): when the
time constants are closely spaced, the contributions from
neighboring components overlap with one another for most
of their effective duration and thus cannot easily be sepa-
rated.

Although imperfect, the various exponential extraction
techniques can still convey an overall impression of the time
constants and amplitudes in a waveform. It is probably easier
and safer, however, to optimize model parameters by directly
fitting model transients to target experimental waveforms
(e.g., Refs. 20, 34, 45), rather than by attempting the ex-
tremely ill-conditioned two-stage process of first estimating
the amplitudes and time constants of the experimental data
and then matching the model’s A and 7 values to them. Direct
fitting imposes model-specific constraints on the relative val-
ues of the time constants and amplitudes from the outset,
rendering the overall process less sensitive to noise.

Intermediate charge redistribution components

Models with a shunt and two or more dendrites of unequal
electrotonic lengths can generate large amplitude interme-
diate equalizing time constants (see Example 2). In such
cases, when estimating the final time constant by linear re-
gression on a semi-log plot, extremely late intervals should
be used, to allow the earlier components to decay to negli-
gible levels.

Care should be taken to ensure that experimental impulse
responses or synaptic waveforms are not distorted by the
effects of time-varying active conductances. It may be pos-
sible to eliminate voltage dependencies pharmacologically
(e.g., Ref. 34). It should also be checked that the response
scales linearly with the magnitude of the injected current.
Noise may be a further problem if the waveform has decayed
to small enough amplitudes. If sufficient precautions are not
taken, and the regression interval is too early, the time con-
stant may be seriously underestimated.

Parameter dependencies of impulse responses

The analytical solution gives considerable insight into the
parameter dependence of voltage transients within complex
branching cables. In all models, the amplitude terms are in-
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dependent of R,,, and are inversely proportional to C,. In
models without a shunt, all the amplitude terms are also in-
dependent of R;. Fast components of waveforms are inde-
pendent of R, and ggune; their amplitudes are always inde-
pendent of R;, and their time constants are proportional to R;.
All time constants are proportional to C,,. The amplitude
terms of responses to other inputs are complicated by ad-
ditional factors, but if the inputs are fast relative to the time
constant concerned, the same general dependencies apply as
for the impulse case. Early time solutions (Refs. 12, 2 (pp.
41-42)) also demonstrate the independence from R, of the
early parts of the responses.

Core models and raw parameter trade-offs

An n-segment morphologically based model has d, and all
the /; and d; values specified together with Cy,, Rp,,, R;, and
8shune- This is a total of 2n + 5 “raw” parameters (e.g, Table
4, top). The analytical solution shows that such models can
be defined more compactly in terms of only 2n + 3 “core”
parameters,® namely, the set {7, g, €, 8=, L;}, for all seg-
ments j (e.g., Table 4, middle). Reparameterization in terms
Of { Ty &shunts Gsms Lj» &} AllOWS gpune in the raw morpho-
logically based specification to be carried through unchanged
to the more compact core parameter set.

An infinite number of different possible raw morpholog-
ically based models yields the same core electrotonic model.
All of these raw models therefore give identical responses to
a particular input, providing stimulation and recording sites
are at corresponding points on the different models? (27, 35).
The raw parameters can trade off in many different ways
(27), derivable from the definitions of the core parameters
(see List of Symbols and Eq. 40). For a given core model,
however, g, must remain fixed. For example, suppose all
lengths are increased by a factor F; and all diameters by a
factor F,;. The core model is preserved by making the fol-
lowing adjustments: R;: X Fﬁ/F,, Ry X F4F,, Co: +~ F4Fy,
&shune: NO change, and d: X F,F,. Axial resistance, mem-
brane conductance, and membrane capacitance are thereby
conserved.

Core model nonuniqueness from fits to noisy data

In theory, fitting model responses to cell responses should
allow the estimation of Cy,, Ry,,, R; and g¢hun, When combined
morphological and electrophysiological data of sufficient
quality are available from the same cell. In practice, when the
target data is of poor quality (e.g., Fig. 3), core model non-
uniqueness can be a problem: for a fixed morphology, many
different combinations of electrical parameters (i.¢., different
core models) can yield indistinguishably good fits. When
either input or recording site is changed from the fit con-
figuration, the predicted responses of the competing models
may differ dramatically (e.g., Ref. 20). This is potentially far

*J. D. Evans, G. C. Kember, and G. Major, manuscript submitted.
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more serious than the uncertainty caused by the raw param-
eter trade-offs discussed above: at least in such cases the
responses of the competing models are identical.

Exploring simplified representations

In many cases, it is desirable to simplify the morphology of
neurones, both to make compartmental models of them run
faster, and to give insights into the essential features of their
electrical geometry (e.g., Refs. 4, 20, 35). The analytic so-
lution will help in the further exploration of simplified rep-
resentations such as the cartoon and double cylinder models
presented above. Simplified representations also generate far
fewer and more widely spaced «, values, allowing much
faster execution of the analytic solution (or compartmental
model) programs.

Taper

It is useful to be able to make models with tapering dendrites,
although the dendrites of many cells, including most of the
visual cortical and hippocampal pyramidal cells measured in
this laboratory (34, 73), show relatively little taper for most
of their length. Analytic solutions exist for single tapering
dendrites (e.g., Refs. 5, 27, 74, 75). Compartmental models
can incorporate taper in a step-wise fashion to an arbitrary
degree of accuracy (by using small enough compartments).
This is also the approach advocated here for the analytic
solution: tapering segments can be approximated as a chain
of short cylinders of progressively smaller diameter.

Smooth input functions

If smooth current input functions composed of one or more
exponential components are used, lumped amplitude expres-
sions for the response component(s) with the input time con-
stant(s) can be used to improve accuracy and speed (see Ap-
pendix 2). A lumped term can also be computed for part of
the alpha function response. Similar expressions are used to
calculate the steady-state voltage at late times following a
current step (Appendix 3). If lumped terms are used, together
with enough 7, values, early artifacts due to missing com-
ponents can practically be eliminated. The resulting wave-
forms are indistinguishable from comparable compartmental
model output.

Problems

Ironically, most of the problems encountered have been with
mathematically interesting but biologically implausible ge-
ometries (see Appendix 4). Special eigenvalues correspond-
ing to roots of the transcendental equation (Eq. 22) “lost” in
singularity clashes, and their associated amplitude terms, can
largely be avoided by the measures described in Appendix 4.
The subtle morphological adjustments required to avoid pairs
of segments with an odd integer ratio of electrotonic lengths
are small compared with realistic morphological measure-
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ment errors. The programs implementing the separation of
variables solution behave robustly when the suggested de-
fault values are used for the neurones investigated so far
(visual cortical, CA1 and CA3 pyramids, dentate gyrus gran-
ule cells, and substantia nigra cells).

Extensions to the model

The analytical solution can be generalized to models with
nonuniform electrical parameters (where Cy,, R, and R; can
vary from one segment to another, and where additional
(steady) shunt conductances can be introduced at arbitrary
locations in the dendritic tree). In addition, solutions have
been obtained for the voltage clamp case (either voltage com-
mands at the soma, or voltage-clamping synaptic currents).
We hope to describe the nonuniform cases in future publi-
cations. The uniform parameter voltage clamp solution is
presented in Paper II (36) of this series.

Comparison with other methods

The performance of the analytical solution programs has
been compared to that of a compartmental modeling package
which uses an explicit numerical integration scheme (14).
There is extremely good agreement between the waveforms
generated by the two techniques, when enough exponential
components and compartments, respectively, are used.

The waveforms also agree well at early times with those
generated by an implementation of Abbott’s trip-based
method (81) (G. Major, unpublished observations). Only
models without a soma or shunt were compared.* Using a trip
length cut-off of S\ﬁ" , a 41-segment version of the cartoon
model of the CAl pyramid in Example I, with the soma,
shunt, and spine removed, required 22,500 trip terms by ¢ =
3.4 ms, but gave good agreement up to that time. (Using a
cut-off of only 4\/5' resulted in appreciable discrepancies
from the correct solution.) The separation of variables so-
lution required only 78 terms to achieve acceptable accuracy
for times as early as 0.1 ms.

The analytic waveform generator runs approximately
three times as fast as the compartmental modeling software
when only one waveform is required, and the roots have to
be found from scratch (although other, possibly more effi-
cient, implementations of compartmental models are avail-
able (e.g., Refs. 15, 16, 44), and more detailed benchmarking
could be carried out (76). Once the necessary eigenvalues of
the analytic solution have been found; they can be stored, and

4 Abbott’s method can incorporate a soma implemented as a short cylinder.
Its convergence properties deteriorate rapidly, however, when very short
segments are included in a model, although in principle this could be dealt
with by using time-varying weightings of the terms from trips touching such
segments. As formulated, Abbott’s trip-based solution does not cover models
with shunts. The separation of variables solution handles soma, shunt, and
short segments with no problems, but breaks down when extremely long
segments are included (they produce many extremely closely spaced eigen-
values).
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the calculation of waveforms resulting from different inputs
into the same model is extremely rapid (approximately 50
times as fast as the compartmental model). By contrast, an
entirely new compartmental model simulation must be run
every time a different input is used, although waveforms
from multiple recording sites can be generated simultaneous-
ly. If the recording site is the soma, as will be the case in most
simulations, then the symmetry of the waveforms with re-
spect to stimulation and recording sites can be exploited: one
simulation with the input into the soma and recording from
the various “input sites” would generate the same results as
several simulations with the different input sites and somatic
recording. (This applies to current but not to conductance
inputs.) When composite inputs of several synaptic currents
at different times and locations are desired, the compart-
mental model can incorporate all of these in one run, whereas
the analytic solution would have to be used to calculate all
of the responses individually before a separate program could
add the waveforms (taking advantage of linearity).

The analytic solutions presented here cannot incorporate
time-varying synaptic or active conductances: for these it is
necessary to use compartmental models or time-stepping ap-
proximations incorporating the analytical solutions (e.g., fol-
lowing Refs. 24 and 77).

It is probably best to regard this analytic solution and its
implementations as complementary to the established com-
partmental modeling packages, and Abbott’s trip-based
method. Each approach has different strengths and weak-
nesses. Using them in conjuction may allow some important
new insights to be gained into the passive electrical prop-
erties of realistic dendritic trees.

SUMMARY AND CONCLUSIONS

1) A set of equations is used to define a passive cable
model of a neurone with a soma and shunt, and one or more
dendritic trees, each composed of arbitrarily branching cy-
lindrical segments. A separation of variables solution in the
form of a series of exponentially decaying components is
derived for the voltage response following a point charge
input. Input and recording sites can be anywhere on the soma
or dendrites. The solution clarifies some of the parameter
dependencies of the impulse response.

2) The eigenvalues of the solution, and hence the decay
time constants, are given by the roots of a recursive tran-
scendental equation obtained by applying the boundary con-
ditions and the constraints of voltage continuity and current
conservation. These time constants are determined by the
whole model and are independent of input and recording
positions. They are proportional to C,,, and faster compo-
nents are also proportional to R; and are independent of R,
and gghunt-

3) The amplitudes of the components of the impulse re-
sponse are obtained by means of a Laplace transform and
complex residues. Each amplitude term can be expressed as
the product of three factors, all dependent on the correspond-
ing eigenvalue. The first is determined by the whole model
and is the same over the entire soma-dendritic tree, the sec-
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ond varies with the input site, and the third varies with the
recording position. The resulting amplitude term is symmet-
rical with respect to the input and recording sites, is inversely
proportional to C,,, and is independent of R,,,. The amplitudes
of the faster components are also independent of shunt
and Ri'

4) A reliable and efficient recursive root-finding algo-
rithm is described for the transcendental equation. Lost roots
arise when two or more singularities from different parts of
the equation coincide, for example when the electrotonic
lengths of “sister” terminal segments are odd integer ratios
of one another. A new class of amplitude terms is required
to complete the solution for these special cases. These ad-
ditional amplitudes take non-zero values only within the sub-
trees involved in the singularity overlap; elsewhere they can
be ignored. The appropriate expressions have been obtained
for nonbranching subtrees, but not for singularity clashes
between branching subtrees. Such singularity coincidences
are rare and can be removed by small adjustments to the
lengths of the involved segments. The usual amplitude ex-
pression then provides a very good approximation to the
actual amplitude.

5) The responses to a number of common input functions
are obtained analytically by convolution. The parameter de-
pendencies of a given amplitude term are the same as for the
impulse response, where the input is fast relative to its time
constant. For currents composed of one or more exponen-
tially decaying components, it is possible to derive lumped
amplitude terms, using complex analysis, for all components
of the response decaying with the input’s time constant(s),
thereby improving the accuracy of the solution. A similar
lumped term can also be found for part of the response to
alpha functions.

6) Complicated neuronal geometries can produce a large
number of closely spaced time constants within the exper-
imental range of interest. At the soma, many of their asso-
ciated amplitudes are close to zero. This is illustrated with a
190-segment model of a CA 1 pyramidal cell. Using far fewer
terms, a simplified “cartoon” representation reproduces
full model responses when stimulation and recording sites
are not both in the same “collapsed” segment. When opti-
mizing model parameters, direct fitting of experimental
waveforms avoids the difficulties of extracting the exponen-
tial components.

7) Models with two or more dendrites of unequal elec-
trotonic lengths and big shunts can produce large amplitude
charge redistribution components with surprisingly slow
time constants relative to the longest time constant (7).
These may dominate the waveform during regression inter-
vals typically used experimentally for estimating 7o, causing
potentially serious underestimates of this measure. A sim-
plified representation of a visual cortical pyramidal cell is
used to illustrate this point.

8) The analytic solution described should be a useful com-
plement to existing techniques, because it explicitly provides
the time constants and amplitudes from which the response
waveforms are composed. This information will be very
helpful in further theoretical explorations of the effects of
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dendrites of unequal electrotonic lengths and in comparisons
of simplified representations. Implementations of the solu-
tion run about three times as fast as an existing compart-
mental modeling package when the eigenvalues have to be
found from scratch, and about 50 times as fast when pre-
computed roots are used.

APPENDICES

Appendix 1: Derivation of amplitude terms using
complex residues

Following Bluman and Tuckwell (31) and Evans et al. (10), it is shown
below how to derive the Laplace transform of the impulse response for
arbitrarily branching geometry with a soma + shunt. The purpose of this is
5-fold: (i) to demonstrate how the methods outlined in these papers can be
generalized to the branching case by application of current conservation and
voltage continuity constraints (following Ref. 38), (ii) to derive the ampli-
tude terms A, and E, (Egs. 33 and 34) by means of complex residues, (iii)
to obtain lumped coefficients for terms containing e = or ¢~ "™ in the
responses to alpha functions or exponentially decaying inputs (see Appendix
2), (iv) to obtain D.C. and A.C. steady-state solutions (Appendix 3), (v) to
obtain formulae for the coefficients A, when there are singularity clashes
at a, (Appendix 4).

The essence of the complex residue technique is (i) to derive two different
expressions for the Laplace transform of the desired response and (ii) to
compare them to extract the amplitude coefficients.

Laplace transform of impulse response

Define G.(X,, Z,, 1) to be the voltage response at X, to a unit point charge
at Z,, (i.e., the same initial voltage condition as in Eq. 11). G, is spatially
continuous, including at branch points and at the soma (where it is defined
to be G;). Distances are in normalized units of A;, but times are in dimen-
sional (standard S.1.) units.

The Laplace transform Gj(p) of G;(t) is defined, with respect to the
complex variable p, to be

Gip) = f e7P'Gi(p) dr. (57
0

It too is spatially continous.

The initial condition G;(¢+ =0) is given in Equation 11. Taking Laplace
transforms with respect to p of Egs. 3, 4, 7, and 8, the ordinary differential
\equation

d’G, . f-eiléx,-z) if j=e (a),
—4 - (1,p+ 1)G; = ‘ ! . (58)
dx? 0 otherwise b),
is obtained, with the following boundary conditions.
(i) At termininations,
dG;
(—L) =0, (59)
dx; X=L,
(ii) at branches,
4G 4G
8, (d—XE> = 2 g, (Rd) , (60)
»/X,=L,  d€dus, d/ x,=0

and (iii) at the soma,

_ _ dG,
8G(1 +er,p)=gGll +elg®— D= T g |2~ . (6D
s dXS, X, =0

stEstems
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Zones of Dendritic Tree

Input Site

A: Non-input Trees

e———s B: Soma-Input "Mainline"

) C:Input Seg

D: Distal to Input Segment

......... E: Distal to Mainline

FIGURE 9 As part of the derivation in Appendix 1, the dendritic tree is
divided up into five zones where the Laplace transform of the impulse
response takes different forms, illustrated schematically here. A, noninput
trees (Eq. 67); B, soma-input mainline (Eq. 68); C, input segment. Proximal
(Eq. 68) and distal to input site (Eq. 70); D, segments distal to input segment
(Eq. 70); E, segments distal to mainline (but not input) segments (Eq. 72).

defining

g=\/1+7.p (62)

Integrating Eq. 58a with respect to X, between Z_ and Z_, just either side
of the input site, gives another boundary condition (in the Laplace domain)
from the original initial condition (in the time domain):

li 4. li . (63)
im — lim = —g..
2z, X, 7.z dX, ‘
Let .7°(j) be the parent of segment j.
Define
_ 1 1 + p,coth gL,
By =— > gx,(ﬁ) (64)
8=, d€Edrs, cot gLy T Mg
and
#; = 0 for all terminal segments j, (65)

used below to enforce the boundary conditions (Eqs. 59 and 60), and

k= Il (coshgL, + fi sinhgL.)"", (66)

cEchain;

used to ensure continuity of G, (e.g., see Eq. 67).

The derivation of ji; and k; is similar to that of w; and k;, in the main
part of this paper and mirrors the working in Ref. 38.

Dividing the dendritic tree into five zones, illustrated in Fig. 9, a con-
venient solution to Eq. 58, which implicitly incorporates continuity and the
termination and branch boundary conditions, is:

(a) Segments in noninput trees:

G; = ik;A,[cosh g(L; — X)) + i, sinh q(L; — X;)], (67

where A, is a constant to be determined.
(b) Segments on “mainline” chain from soma to input segment (Ve €
chain,): Starting from the stem segment and moving distally toward the
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input segment, an extra term is added to Eq. 67 every time a branch point
is crossed into the next chain segment c. These terms are to represent the
effect of the input, i.e., boundary condition (Eq. 63). They must be zero at
the proximal end of the segment in which they are introduced, to ensure
continuity of G,. A convenient form is sinh gX,:

G, = k(A[cosh g(L. — X.) + ja sinh g(L. — X.)]
+ B, sinh ¢X,), (68)
where, for a parent p and daughter ¢ on the chain,
A=A, + B,sinh gL, (69)

and for the chain’s stem segment s, A, = A, to ensure continuity of G at
branch points and the soma, respectively. The B, values are constants to be
determined.

In this way, the problem has been separated implicitly into two parts, the
branch/terminal boundary conditions and the input boundary condition, rep-
resented by different parts of the solution.

(c) Input segment itself: (i) proximal to input site (X, < Z,), Ce is given
by Eq. 68, (ii) distal to input site (X, = Z,), G, is given by Eq. 70.

(d) Segments in subtree distal to input segment:

G; = k;C[cosh g(L; — X;} + i;sinh g(L; — X;)]. (70)
Equating the right hand sides of Eqs. 68 and 70 at Z, gives

- B,sinh ¢Z,
C=4,+ 4% .
[cosh g(L, — Z,) + fi, sinh (L, — Z,)]

an

(e) Other segments in subtrees distal to a mainline (type b) segment:
G; = k;A [cosh g(L; — X;) + ju;sinh g(L; — X))], (72)

where ¢ is the most proximal on-chain segment which is nof an “ancestor”
of j, i.e. A, is taken from the most distal on-chain branch point on the path
between the soma and segment j.

Determination of A, and B values.

Substituting Eqs. 68 and 70 into the new boundary condition (Eq. 63) at the
input site gives

(C — A,)[sinh g(L, — Z,) + ji,cosh g(L, — Z,)}

+ B,cosh gZ, = — (73)
€ x,
Substituting Eq. 71 into Eq. 73 and simplifying, gives
_ coshgq(L, — Z,) + j1,sinh g(L, — Z
B.=[ 9L — Z,) * i sinh gL, — Z)] (74)

'-(/‘{e)qu'

where 7(e) is the parent segment of e. (If e is a stem segment, then
Ko = 1) _ _

A recursive relation is now required between B, and B, for a parent
segment p and daughter segment ¢ on the soma-input chain. Since Eq. 60
holds at the branch point between them, it follows that

8= K,[Bycosh gL, — A i, ]

= chx‘_Bc -4, Y 8=, fsinh gL, + i, cosh gL;]. (75)
d€adrrs,

Substitution of Eq. 69 into Eq. 75, and cancellation of the /_&p terms, using
the definition of fi, (Eq. 64) and k,/k, from Eq. 66, gives

B,=— - .
4 8=, (cosh gL, + ja sinh gL,)(cosh gL + fisinh gL.)

(76)

Starting from Eq. 74 and using Eq. 76 to work back toward the chain’s stem
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segment st, it follows that

5 _ Rleoshq(l, ~ ) + b, sinh gL, — Z,)]

- an
o Kyyq8e,

From the somatic boundary condition (Eq. 61) and from Eq. 77 it can be
shown that

i- K[cosh g(L, — Z,) + j1,sinh g(L, — Z,)] a8)

ell+ed -0+ g (sinh gL, + fi,coshqL,)’
’ stEstems * (COSh qL-" + ﬁ‘sl sinh qul)

Equations 67-72, 74, 76, and 78 can be used to evatuate G, (X,, Z,, p) over
the entire dendritic tree.

Obtaining A, by complex residues

Following Refs. 10 and 31, in cases where there are no singularity coin-
cidences in the transcendental function (Eq. 53), the Laplace transform of

GX.Z.)= T A, e "™ (79)

n=0
can also be written as
®
n

G.(X,.2,p)= Eo Gy (80)

It can be seen that A, _is the coefficient of (p + 1/7,)~ !, which in complex
variable theory is called the residue of G(X,, Z.,p)atp = — l/t,, i.e., at
q = ia,.

Let

hp) = g7 'R & [cosh (L, — Z,) + i, sinh q(L, — Z,)]

X [cosh (L, — X,) + ji,sinh (L, — X,)] @81

and

(sinh gL, + i, cosh gL,,)
s (cosh gL, + fi,, sinh qL,,)

kp)=g [l +e@®-Dlg'+ X ¢

stEstems

(82)
From both Eqs. 78 and 80, it can be seen that G,(X,, Z,, p) has simple poles
at p = — 1/1,, in the former case by comparing k(p) with the transcendental

function (Eq. 53). Thus, providing there are no singularity clashes, near one
of these poles the A, term comes to dominate G,(X,, Z., p) irrespective of
stimulating or recording position. By standard methods of complex analysis
(Ref. 78, p. 110), evaluating the residues of G,(X,, Z., p),

, - h(p) h(p)
A, = 1 + Ur,)G,X,.2,,p) = =5 7.
n,, Pﬂ"_“m"(P 7.)G,(X,. Z,, p) dk_(p) (dk_(p))(d_q) (83)
dp dg /\dp
From Eq. 62, dg/dp = 1,,/2¢, so
&k(p) _ 7, g,

—{g:[€+(e -+ 3

p 2 (cosh gL, + ji sinh qL,)?

stEstems

d
X [(L,,(cosh gL, + p,sinhgL,) + :q" cosh qL:,)

X (cosh gL, + p, sinh gL,,)

dp,,
d; sinh qL,,)

- (L,,(sinh qL,, + p,coshql,) +

X (sinh gL, + ji, cosh gL,,) ] } . 84)
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The terms in the square brackets on the last two lines simplify to

dis,
[L,,(l - Ryt <%>] (85)

where () is used to indicate terms that can be expanded recursively. Sim-
ilarly, it can be shown that

- ()
3 g

da, _ 1 1.
(cosh gL, + p,;sinh gL,)

dq ng d€drrs,

(86)

Starting from Eq. 84, recursively expanding terms marked by (O) using Eq.
86 and the definition of p, (Eq. 64) until the tip segments are reached
(bearing in mind the definition of k; (Eq. 66)), it can be shown that

@) _ Tm _ 2 _2
™ —zq{gs[Ze (1 + elg 1))q ]

+ 3 KLl - ﬁ})}. 87
jEsegs

To obtain the amplitude terms A, (Eq. 33) and E,  (Eq. 34) given in the
main part of the paper, take Eqgs. 83, 81, and 87 and make the following
substitutions (which hold from the definitions of the relevant quantities):

q = ia,,

cosh ia, = cos a,

sinh ia, = i sin v,

i) = =i,

Rj(ia,,) = Kjp- (88)

Appendix 2: Lumped terms with smooth input
functions

Artifacts

Unfortunately, the waveforms resulting from convolving smooth, relatively
slow input currents with the impulse response suffer from artifacts lasting
roughly five times the maximum input current time constant, if this is much
slower than the fastest 7, used. This is because only a finite number of terms
with the input time constant can be included in the computed transient, while
excluding a large number of terms with the same time constant but only
slowly diminishing amplitudes. For example, in the case of the exponentially
decaying synaptic current (Eq. 49), if N is the index of the fastest cell time
constant, and if 7y << 7, then the artifact will be approximately

s QA, y
T i, 89
(n=%+l (TSY/T" - 1) )e ( )

If 7, is only slowly converging, and there is no particular trend in the
A, values, the artifact could be quite considerable.

Following Appendix 4 of Ref. 31, it is shown below, using calculus of
residues, how to obtain closed form expressions incorporating all of the
terms decaying with the input time constants. This is most convenient for
exponentially decaying inputs, although the method can also be applied to
alpha function inputs.

Single exponentially decaying current
All terms containing ¢ ~*™ in Eq. 50 can be lumped together:

= QA,
- -y 4 _
VX.Z,1)=H,e 2 (- 7yl1,)

n=0

e i (90)

H,, is equal to the expression in large parentheses in Eq. 89, with the
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summation starting from n = 0.
The Laplace transform of Eq. 90 is

w0 An
o4, on

7 RO S ' .
X ZeP) = ) Eo(l—fs,/f,,)(pﬂ/f,,)

The Laplace transform of the voltage response can also be written as the
product of the Laplace transforms of the input function (Eq. 49) and the
impulse response:

5 0G,X,.Z,,p)
VX, Z,.p) = £. @)
Ty(p + li7y)
Both Egs. 91 and 92 have simple poles at p = —1/7, (ie. ¢ =
V1 = 1,/7y), so it follows that
G,(X,, Z,,
H”= lim M (93)
p— =, 7sy

Where 7., > 17, q is real and G,(X,, Z., p) can be evaluated using Eqs.
64-72, 74, 76 and 78. However, in many cases, T,y < 7,5, 50 ¢ is complex,
and we let ¢ = iw, where w = \/1,,/7,, — 1. Special cases occur when 7,
is equal to one of the 7, values. Substitutions (Eq. 88) must then be used
i_n these equations, with w instead of «,, together with Aj(iw) = Aj(w) and
B(iw) = — iB}(w) to obtain appropriate recursive expressions for evaluating
G (the prime ' does not imply differentiation here):
(a) Noninput trees:

G; = kAl[cos w(l; ~ X;) + p;sinw(l; = X;)], (94)

where u; and k; are defined in Eq. 19 and 28, respectively, but dropping
subscripts n and with a = w,

K [cosw(l, — Z,) + p,sinw(l, — Z,)]
(1 = pycotwl,)’
* (cotwL, + )

A= (95)

gl - ew+N)-w > g.

stEstems
(b) Soma-input mainline:

G. =k (Al[cosw(L, — X,) + p sinw(L. — X.)] + B/sinwX,),  (96)

[

where, at the chain’s stem segment st, A;, = A, and for a parent p and
daughter ¢ on the chain,

Al=A)+B,sinwL, o7
and

8=, B,

8, (cos wL, + pu,sin wL,)(cos wL, + psinwL.)’

,

98)

(c) Input segment itself: (i) if X, < Z,, use Eq. 96, (ii) if X, > Z,, use
Eq. 100, with

_[coswll, = Z,) + p, sinw(l, — Z,)]

B, 99)
KA ) W8,
where 7(e) is segment e’s parent.
(d) Distal to input:
G; = kC'[cos w(L; — X;) + w;sin w(l; — X;)]. (100)
. B. sin wZ,
C=a . sin wZ, ao1)

=A'+ .
¢ [ecosw(l, — Z,) + p, sinw(L, — Z,)]
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(e) Others distal to soma-input mainline:
G; = KA’ [cos w(l; — X;) + p; sin w(L; — X)), (102)
where ¢ is the most proximal on-chain segment which is rnot an ancestor

of j.

Double exponential current

By a similar derivation, the amplitudes of the lumped terms corresponding
to the sums of the second and third terms in Eq. 52, with time constants

Ty, and Toyp respectively, are
(QG,(X,,Z,,p= —1/1y)
g er P v, (103)
Ty, ~ Tsy
and
G.(X,,Z,,p= — li1y)
o P ) (104)

Ts 7,

Y, sy

Alpha function current

Lumping terms as in Ref. 31, Appendix 4, the voltage response (Eq. 48) to
an alpha function current (Eq. 47) is

- v, o QA
V.X,,Z,,t) = H,te "+ J,e "+ ngo (1/1',,——a)2e ¥, (105)
The Laplace transform of this response can be written either as

- _Qd°G,(X,.Z,.p)

VX,.Z,.p) = (r+a)° (106)
or as
_ H, J x Qa’A,
VX Zep =t i T %0 W —atp +my - 19D
Both expressions have a pole of order two at p = —a, giving us

H, = lim Qa’G.X,.Z,,p). (108)

p— ~a

J.r is the complex residue of V,(X,, Z,, p) (i.e the coefficient of the term in
(p + @)~ "). This is given by (Ref. 78, p. 110)

J,= lim Qa’WG.(X,,Z, p)dp). (109)
p— —a

In principle this can be evaluated, but complicated branching geometries
generate ugly, recursive differentials. In practice, because coefficients of the
terms of the form ¢~ in Eq. 48 have (1/7, — a)? in the denominator, when
sufficient terms are included to ensure that 1/7, > a, the artifacts due to
missing terms can be made negligible. A hybrid implementation, with the
lumped H,,t¢ = term and unlumped 2§=0 - (Qd’A, K1, — @)P) e
terms has proved satisfactory in all cases tested (a = 0.01 ms~').

Appendix 3: Steady-state
Steady-state solution

Setting p = 0 in Eqs. 58-63, gives the system of equations describing a unit
steady-state current input into one branch. (This observation has been made
in a2 number of previous studies.) The steady-state solution ¥,(x,, z,) is there-
fore obtained by setting p = 0 (and thus ¢ = 1) in Eqs. 64-72, 74, 76 78.
If the injected current is i, then

ﬁr(xrv Ze) = iinar(xr’ Ze’p = 0) = iinRer' (1 10)
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R., = GX,, Z,, p = 0) is the steady-state transfer resistance between the
stimulation and recording sites. Setting » = e and X, = Z, gives the input
resistance at a given point, which may be compared with the results in Refs.
23 and 38.

Efficacy and attenuation

The relative efficacy of an input can be defined as V,,/V,; where V., is the
voltage at the soma resulting from a given dendritic input into segment e,
and V; is the voltage at the soma for the same input into the soma. Because
of the symmetry of the solution with respect to input and recording sites,
this is equal to the steady-state voltage clamp efficacy V,./V,,, where V, is
the voltage at the dendritic location resulting from the same input into the
soma. The steady-state efficacy of an input at distance Z, along segment e
is given by

Eff(Z,) = G,(X,,=0,2,,p = 0)/G,(X,,=0,Z,=0,p = 0)
= i, [cosh(L, — Z,) + p,sinh(L, — Z,)], a1

with ¢ = 1 in the j and k terms defined in Eqgs. 64 and 66, where st is any
stem segment. This measure does not depend on gg,une-Let V.. be the voltage
at the dendritic site following an input there. The steady-state attenuation,
defined as steady V../V,, can be calculated from G,(Z,, Z., p = 0)/G,,
(X, = 0, Z,, p = 0). Unlike efficacy, this measure does depend on the shunt.
See Appendix 3 of Paper II (36) for a discussion of A.C. attenuation.

Appendix 4: Singularity clashes

Lost roots at coinciding singularities

The relative positions of singularities along the « axis can be changed by
adjusting the physical dimensions of selected segments of the model cell.
Some adjustments can cause neighboring singularities to approach one an-
other. As two or more singularities tend to the same value of a, the inter-
vening root will be “trapped” between them and will vanish. Consider the
simple two-dendrite case without soma or shunt. Let K, M, and N be any
fixed positive (or zero) integers. As (2 M + 1)L, — (2N + 1)L,, the sin-
gularities at & = (2K + 1)2N + D)@/2Land a = QK + D)2 M + )w/2L,
can become arbitrarily close, until the root between them is “lost”, when the
electrotonic lengths are exactly in an odd number ratio. From Eqs. 33 and
31, it can be seen that the eigenvalues corresponding to these lost roots
produce zero-amplitude components at the soma, since y,, = 0 for terminat
segments, and if a,,L; = (2K + 1)(2N + 1)7/2, then cos a,L; = 0. However,
this is not the case in the particular dendrites responsible for the coinciding
singularities. Simulations with compartmental models have confirmed that
these missed components are necessary, since, without them, the analytic
solution produces a different waveform to the equivalent compartmental
model. When L, = L,, the analytic solution output is the same as that of a
compartmental model with the two dendrites collapsed together into
an equivalent cylinder. Changing one of the offending L values by a
small amount (e.g., 1 in 10%) can resurrect the lost roots: as long as the
singularities are separated by a finite interval, however small, there will
necessarily be a zero-crossing between them. There is virtually no change
in the compartmental model output after such a trivial morphological
change, but the analytic solution now gives the same waveform as the un-
collapsed case.

A detailed discussion of these special cases is given in Ref. 10. Essen-
tially, they are caused by the existence of a second class of eigenfunctions
of the form of Eq. 26, but with «;, = 1, corresponding to eigenvalues at
singularity coincidences. In the same paper, expressions are derived for the
amplitudes associated with these eigenfunctions for the multicylinder un-
branched geometry. Similar expressions apply to terminal segments in the
branched case:

- _ 2¢,,(Z )W, (X,) &,
e (T,,.L,L,(sin a,L,sin anLr)) [ 2 L ] , (112)
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where e # r, and where involved refers to the set of all segments contributing
to the coinciding singularities. When e = r,

-1 -1
2y,,(Z, X, 8x 8=
- 'ﬂl’en( e)d’en( e) O% _ 2 %
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T,L2 L (13)
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Each eigenfunction is zero at the parent branch point of the subtrees
involved in its particular singularity coincidence, and at all points outside
the involved subtrees. However, within those subtrees involved in the co-
incidence, the eigenfunction has different associated amplitudes according
to whether input and recording sites are in the same or different subtrees.
At the parent branch point, the sum over all the involved subtrees of the axial
currents contributed by all the extra eigenfunctions is zero. In other words,
the rest of the dendritic tree cannot “sense” these eigenfunctions, and they
make no contributions to voltages or currents outside the subtrees in which
they are generated.

It is useful to remark that the existence of these odd (zero at parent
branch) subtree eigenfunctions is inherent in Rinzel and Rall’s superposition
method of solution (79, 80) and is responsible for the values of their B, and
B, (Ref. 80, pp. 767-768) being zero when the point of observation is
proximal to the input branch. The higher order time constants (for equal-
ization between sister branches or subtrees) are associated with non-zero
coefficients only when the point of observation is in the same subtree as the
input branch: they note that this accounts for the differences found in com-
puting the transients of their Fig. 3.

In principle, following the complex analysis methods outlined in Ap-
pendix 1, it is possible to derive expressions for the amplitude terms for any
recording or stimulating position and combination of singularity clashes.
However, in practice, since there are arbitrarily many potential combinations
of singularity clashes between segments of different generations and sub-
trees, this route seems quite unattractive for the general case. Perhaps ex-
pressions for particular regular geometries could be derived in the future,
if this seemed useful.

Measures to prevent coincidence of singularities

Unfortunately, models with a symmetrical structure, which may be of in-
terest to theoreticians, do suffer from singularity coincidences. Because of
the difficulty of deriving amplitudes for the special eigenfunctions in the
case of branching geometry, and because of the extra “accounting” involved
in keeping track of particularly awkward cases, such as singularity coin-
cidences between subtrees at different depths, the following computational
strategy has been adopted:

1) The programs allow the option of adding the same small increment
(e.g., 0.001 pm) to each physical length as it is read in. This partly com-
pensates for the user rounding off the physical measurements entered into
the input file, thereby unwittingly increasing the chances of odd integer
ratios of lengths. The small increment reduces such occurrences where the
diameters of two segments with nominally equal L values are different, or
where the diameters are the same, but the physical lengths are in an odd
integer ratio other than 1:1.

2) The dendritic tree can be screened for subtrees from a common branch
point which are within a user-specified fraction (default 10~9) of being
odd-integer ratios of one another in terms of their component L values. The
programs only screen for ratios which would lead to a singularity coinci-
dence at an « less than that corresponding to the fastest time constant of
interest. When such cases occur, small increments can be added to the L
values of one subtree. The process is repeated for the whole dendritic tree
until no odd-integer ratios remain.

3) The root-finder defines a singularity coincidence to have occurred
whenever two or more singularities are found separated by less than a certain
interval TOL/L,5_ , where TOL is a small number, e.g., 10~ '°. The periods
of the tangent functions composing the transcendental function (Eq. 53) are
scaled along the a axis by 1/L;, so the criterion is scaled by a similar factor,
the maximum effective electrotonic length over all the segments, where
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Leﬁp is defined recursively for segment p with daughters d by

1
Lg =L,+— X gulen, (114)
g"y dEdrrs,

The root-finder tags the coincidence with the indices of the most prox-
imal segments of the involved subtrees. In really unpleasant cases, there may
be more than one group of these for a given singularity coincidence, and
conceivably these could originate from different generations of subtrees.
This information, along with the final list of eigenvalues, is displayed by the
waveform generator after the root-finding stage is completed.

At this point, unless the offending segments are terminations, for which
special amplitude expressions (Eqgs. 112 and 113) have been derived, it is
best to abandon the simulation, make adjustments to the relevent parts of
the dendritic morphology, and start again. This step is unnecessary if there
are to be no simulations involving simultaneous input into and recording
from the involved subtrees.

The transients that are produced by the waveform generator after trivial
morphological adjustments cannot be distinguished from the original com-
partmental model output. As long as the computer has sufficient precision,
this ad hoc numerical means of evading the special cases seems a robust way
of solving the problem of coinciding singularities.

In practice, the lost roots problem can be solved in the way described for
very complex dendritic trees, e.g., for hippocampal CA1 pyramidal cells
with around 200 segments, by making length adjustments (of the order of
1 in 10°) that are orders of magnitude smaller than the likely measurement
errors (10-20%).
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